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The sessions of the American Association for the Advancement of Science 
began on Tuesday evening with an address on “The aims of anthropological 
research” by Doctor Franz Boas, retiring president, and the general reception 
following this in the Vernon Room of Haddon Hall. Various general addresses 
of interest to mathematicians included one by Professor Harlow Shapley of 
Harvard University on “Fact and fancy in cosmogony” Wednesday evening; 
and the first Maiben Lecture by Doctor H. N. Russell of Princeton University 
on “The constitution of the stars” Friday evening. In the series of afternoon 
general lectures Professor D. C. Miller of Case School of Applied Science spoke 
on “The Pipes of Pan, old and new, and how the musical scale grew,” and Pro- 
fessor David Eugene Smith of Columbia University on “Oriental book collect- 
ing.” 

The Council of the American Association met Tuesday afternoon and each 
morning thereafter for the transaction of general business, the Mathematical 
Association being represented by Secretary W. D. Cairns and Professor Dun- 
ham Jackson. The Council elected Professor C. N. Moore vice-president and 
chairman of Section A for the year 1933, and Professor E. R. Hedrick secretary 
of Section A. 

The mathematicians stayed for the most part at the Hotel Morton, where 
they had comfortable quarters and suitable rooms for the programs. The meet- 
ing places of the American Association and the related societies were conven- 
iently near at hand and the Boardwalk with its attendant diversions furnished 
opportunity for such recreations as the individual members might choose. 

The annual dinner was held Wednesday evening with an attendance of two 
hundred twenty-six, Professor Eisenhart, retiring president of the Society, 
presiding. Professor Archibald read extracts from a letter giving an account of a 
photo-electric congruence machine invented by Doctor D. H. Lehmer; by 
means of a series of discs and a photo-electric cell the machine determines the 
factorability of very large integers in an amazingly brief time. Professor Arnold 
Dresden, the newly elected president of the Association, humorously referred 
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to himself as the first socialist to be elected president of anything; he said that 
the Association has been doing a peculiar work and that it must continue to act 
to raise the standard of the work done by our undergraduates and to contribute 
materially to the high character which should be found also in high schools, 
rather than treat students entirely too much as little children with the conse- 
quence that they act mathematically as little children. Professor Virgil Snyder 
told of the origin of the International Mathematical Union with its purpose 
to realign the mathematical societies of the allies and associates, of the develop- 
ment of the Union in connection with the congress at Toronto in 1924, of the 
insistence by the majority that the membership of the Union should be re- 
constituted, and of the final decision at Ziirich last summer to suspend the 
Union, to liquidate its affairs, and to ask a committee of the congress to work 
out de novo the consideration of the question as to whether there should be any 
such organization. In describing the new Institute for Advanced Study at 
Princeton, Professor Veblen said that a few years ago Mr. Bamberger decided 
to devote his wealth to some useful purpose and through the influence of Mr. 
Abraham Flexner decided to devote it to a project for the furtherance of pure 
scholarship. The plan contemplates a small group of mathematicians who will 
be free to do scientific work involving no bestowal of degrees, large liberty being 
allowed to the professors in conducting their activities in the form of seminars 
or formal lectures or none, as they may wish. It is expected that the students 
will be beyond the stage of the usual graduate student and that mathematicians 
will come to the Institute for limited periods of time for the purpose of doing 
some particular piece of work, for writing a book, etc. Professor Coble, the in- 
coming president of the Society, called to mind his association with President 
Eisenhart in the past years and spoke of himself as deeply conscious of the high 
standard of the mathematical research and the well organized status of mathe- 
matical publication to the official direction of which he comes. He called atten- 
tion to the meetings which are to be held at Chicago in connection with the 
Century of Progress and urged the mathematicians with their colleagues to 
cooperate with their attendance at the meetings next summer. 

The American Mathematical Society held sessions on Tuesday evening, 
Thursday morning and afternoon for the reading of papers. On Tuesday morn- 
ing the Society had a joint session with Sections A and K and the Econometric 
Society at which Doctor W. A. Shewhart of the Bell Telephone Laboratories 
gave a paper on “Probability as a basis for action.” The tenth Josiah Willard 
Gibbs lecture on “Thermodynamics and relativity” was given by Professor 
R. C. Tolman of California Institute of Technology on Thursday afternoon 
under the joint auspices of the Society and the American Association. On Friday 
morning about one hundred fifty mathematicians went by train or automobile 
to Princeton where they inspected the sumptuous mathematics building, Fine 
Memorial Hall of Princeton University, and had lunch at Nassau Inn. At two 
o'clock the Society held a session in Fine Memorial Hall with an address by 
Professor J. von Neumann on “Application of the operational calculus to 
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mechanics” and a discussion by Professor G. D. Birkhoff of Harvard University 
and Doctor Eberhard Hopf of Massachusetts Institute of Technology. After 
the meeting a delightful and elaborate tea was served in the social rooms of 
Fine Hall by the ladies of the faculty and their assistants. 

The program of the Mathematical Association consisted of two sessions on 
Tuesday afternoon and Wednesday morning, a joint session with Section K 
(Social and economic sciences) and the Econometric Society Tuesday afternoon, 
and a joint session with Section A and the Mathematical Society on Wednesday 
afternoon. Vice-Presidents Bussey and Evans presided respectively at the two 
sessions of the Association, and Professor Fort at the joint session Wednesday 
afternoon. The good services of the program committee, consisting of Professors 
Jewell C. Hughes, Oystein Ore, J. H. M. Wedderburn, and Arnold Dresden, 
Chairman, and those of the committee on arrangements under the chairman- 
ship of Professor J. R. Kline, were recognized at the business meeting Wednes- 
day noon. The program follows, together with abstracts of some of the papers, 
numbered in accordance with their place on the program. 


First SESSION OF THE ASSOCIATION 


1. “Mathematical education and life insurance” by E. W. MARSHALL, vice 
president and actuary, Provident Mutual Life Insurance Co. 

2. “Life insurance and its mathematical problems” by RALPH KEFFER, 
assistant actuary, Aetna Life Insurance Co. 

1. Mr. Marshall’s paper discusses the educational aspects of the relation of 
mathematics and life insurance, particularly in the field of actuarial science, so 
that intelligent guidance can be given to students both educationally and vo- 
cationally. The mathematical requirements embraced by the examinations of 
the Actuarial Society of America and the American Institute of Actuaries were 
outlined, and deficiencies of college students as revealed by them pointed out. 
Only 30% of the college trained candidates for part I of the examinations passed 
it in 1931, and the situation was similar for other examinations involving pure 
mathematics. Apparently most of the college courses do not provide the knowl- 
edge and facility required to pass the examinations without much further 
preparation. 

The qualifications of prospective actuaries were discussed. In addition to the 
mathematical background, they should possess analytical ability, a practical turn 
of mind, a creative imagination, good health to endure the long study for the 
examinations after office hours, and a personality which will help rather than 
hinder in human relations. The need for a cultural as well as a mathematical 
and vocational background was stressed. 

The examination requirements were considered critically from both present 
and prospective viewpoints. They seem as stringent as they should be, except 
for a possible extension in the study of statistical method. A few suggestions 
were made regarding possible courses of study in college which will more closely 
meet the needs of the actuarial student. Actuarial work presents a satisfying com- 
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bination of theory, practise, and human contacts, which the well rounded 
mathematical education of the prospective actuary should take into account. 

Following Mr. Marshall’s address, Professor Camp asked whether parts of 
Hall and Knight’s algebra as required in actuarial examinations are really 
needed in actuarial practice. The speaker replied that the requirements have 
been colored by the fact that the actuaries in the United States were originally 
English and Scotch. Others said that the development of actuarial formulas 
does depend on the material in Hall and Knight. Professor Rietz said that we 
have often heard that the examinations of the Actuarial Society were old- 
fashioned, and added that the actuaries have never claimed that they were 
setting what may be called fair examinations, but that they have been success- 
ful in selecting men. He advised an introduction into the theory of functions, 
advanced geometry, and the theory of surfaces by way of supplementing the 
direct preparation for actuarial work itself. Professor Hedrick added further 
criticisms of Hall and Knight, and noted that the social scientists had taken it 
into their own hands to pronounce on the kind of mathematics they need, as 
have also the S.P.E.E. and the American Chemical Society, the latter in a report 
in the January Monrtuty. In a further discussion of the manner of choosing 
young men, Mr. Molina said that his company gives very complete considera- 
tion to personal qualities, but assumes that a graduate of a good college has a 
certain minimum of attainment; we must allow for the fact that the qualifica- 
tions differ extremely according to the department in which the young man is to 
be employed. 

2. The paper by Mr. Keffer gave consideration to the fundamental assump- 
tions regarding mortality and the application of the theory of probability to the 
development of certain problems of life insurance. Three points of view were 
discussed, (1) that of the individual purchaser of insurance, (2) that of the in- 
surance company and (3) that of the state supervisory department. 

Probabilities of death applicable to an individual are constantly changing 
and all problems from the individual viewpoint depend on the value of these 
probabilities at the moment. Mortality tables for an individual consist only of 
tables of the probabilities that the individual now living will die in specified 
future intervals of time. The averages used by insurance companies and state 
insurance departments for valuation are only correct when considered as a 
whole. The average legal reserve is quite different from the true reserve on an 
individual contract and the general misconception outside of actuarial circles 
that the average legal reserve will be applicable to an individual as a true re- 
serve throughout life has led to certain inequities in the determination of guar- 
anteed cash surrender values and in other respects. 

The theoretical problem of reinsurance and limit of risk that a company 
might assume was discussed and it was shown that the risk to an insurance com- 
pany of deviation of actual death claims from expected will be less if lives of 
different ages are insured than if all lives insured were of the same age and sub- 
ject to mortality rates equal to the average. Attention was called to the dif- 


1933] SEVENTEENTH ANNUAL MEETING OF THE ASSOCIATION 131 


ference in this problem for stock companies and for mutual companies. In a 
stock company the true expected mortality is estimated as accurately as pos- 
sible and the risk of fluctuation in the actual death rate is borne by stockholders. 
In the mutual company the policyholders themselves assume this risk hence 
must pay a premium high enough to make a surplus very probable in every year. 
The company then has the problem of distributing this surplus to policyholders. 

The paper closed with a discussion of mortality investigations and the limi- 
tations upon the interpretation of statistics. 


JoIntT SESSION OF THE ASSOCIATION WITH SECTION K OF THE 
AMERICAN ASSOCIATION AND THE ECONOMETRIC SOCIETY 


“The theory of money” by Professor G. C. Evans, The Rice Institute. 
This paper will appear in an early issue of Econometrica. 


SECOND SESSION OF THE ASSOCIATION 


1. “The life and work of T. H. Gronwall” by Professor J. A. SHoHAT, Uni- 
versity of Pennsylvania. 

2. “The Ziirich Congress of Mathematicians” by Professor VIRGIL SNYDER, 
Cornell University. 

3. “Some interpolation series” by Professor J. L. WALsuH, Harvard Univer- 
sity. 

1. On May 9, 1932, at the age of fifty-five, there died in New York City 
Thomas Hakon Gronwall,. one of the leading mathematicians in this country, 
with an international reputation in the field of analysis. 

Gronwall was born in 1877 in Sweden, the son of a gentleman farmer-engi- 
neer and a well educated mother from Varmland, the Swedish province which 
gave so many writers and poets during the last century, e.g., Selma Lagerléf. 
Early attracted to mathematics, he fortunately came in contact with Mittag- 
Leffler, whose inspiring influence as teacher and scholar is so well known. 
Graduated from Upsala at twenty-one, Gronwall first went to Berlin to study, 
there graduated in engineering, and finally crossed the Atlantic, presumably in 
1904. He passed several years in practicing engineering, until in 1912 he defi- 
nitely returned to his first love, mathematics. In the course of the next few 
years, he published several papers dealing with difficult and important analyt- 
ical problems, which established his reputation here and abroad as a man of 
broad training and erudition and a skillful master of the refined modern analyt- 
ical tools. 

Essentially a research man, Gronwall spent two years in teaching at Prince- 
ton University, and later a few years in Washington as mathematical expert 
on the technical staff of the chief of ordnance. For the last five years of his life, 
Gronwall was associate in the department of physics of Columbia University, 
generously giving of his vast analytical skill and knowledge to physics and 
physical chemistry in cooperation with Professor V. K. La Mer. 
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Gronwall published 85 papers in leading European and American mathe- 
matical journals, and 24 abstracts of papers presented to the American Mathe- 
matical Society. His publications show broad scientific interests in analysis, 
geometry, theoretical physics, physical chemistry, ballistics, etc. His best 
papers deal with Laplace and Legendre Series (convergence, summability). 
Here many of his papers constitute final and elegant answers to important 
problems, a stimulating source for research workers. In the words of Professor 
La Mer, ‘‘His achievement will remain as a worthy monument of the service 
which mathematics can render physics and chemistry.” 

2. Professor Snyder gave an informal talk on the recent congress of mathe- 
maticians held at Ziirich, September 5-12, 1932, and traced the history of the 
development of congresses. 

The last decade of the nineteenth century was an unusually active one 
mathematically. It witnessed the organization of the German and the American 
mathematical societies, started the encyclopedia of the mathematical sciences, 
and provided for the international catalogue of scientific literature. 

The congress held at Chicago in connection with the Columbian exposition, 
though attended by only 44 persons, was significant. Europeans returning from 
that experience began to formulate plans for an international congress which 
was to be a regularly periodic affair. The first was held at Ziirich in 1897, with 
a very informal organization. The purpose announced was “to further personal 
relations among the mathematicians.” 204 persons attended, 12 general ad- 
dresses were given and 34 sectional papers read. All these papers were published 
in the Proceedings of the Congress. At the close of the session those present 
voted to hold the next congress in Paris in 1900. This congress was attended by 
280 persons, and 68 papers were read. The next, under the same informal aus- 
pices, was held at Heidelberg in 1904, attended by 396 persons and 76 papers 
were presented. Various undertakings were provided for, particularly the report 
on mathematical models and apparatus and the publication of the works of 
Euler, already begun by the Swiss, was supported. But the most important ex- 
tension of the activities of the congress was the enlarged provision for enter- 
tainment and social intercourse. 

At the Rome congress in 1908, the international commission on the teaching 
of mathematics was formally organized, and a detailed report on the progress 
of the encyclopedia was submitted. This congress was attended by 700, and the 
Proceedings filled three large volumes. The Cambridge congress in 1912 had a 
unique feature, as the 700 guests were housed in the colleges of the University; 
this permitted a very free social access among the participants. 

An invitation to hold the next congress in Stockholm in 1916 was extended 
by Professor Mittag-Leffler, and enthusiastically accepted. But the war made 
it impossible and no congress was held. 

In 1920 a congress of restricted internationality and under different auspices 
was held at Strasbourg with 200 active participants. At this meeting the inter- 
national mathematical union was founded, a political organization under 
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governmental control, and severely limited as to membership. The Toronto 
congress was held under its auspices in 1924; over 500 persons were present and 
over two hundred and forty papers read. At the business meeting, the time and 
place of the next congress were not decided, but the matter left rather vaguely 
in the hands of the newly elected officers. It was held at Bologna in 1928 without 
the support of the union; over 1100 persons attended, 400 papers were read, 
and the Proceedings fill six splendid volumes. The congress at Ziirich in 1932 
was provided for under the early simple procedure. This was not so large as that 
at Bologna, but in consequence of the efficient arrangements for comfort and 
pleasure as well as for mathematics, the 900 present had a particularly pleasant 
and profitable time. The old purpose “to further personal relations among 
mathematicians” was admirably carried out. 

It was decided by those present to hold the next congress at Oslo in 1936. 
The union was declared to be terminated. 

3. Professor Walsh considered some results recently proved by him [Trans. 
Amer. Math. Soc., vol. 34 (1932), pp. 22-74; Proc. Nat. Acad., vol. 18 (1932), 
pp. 165-171] together with the following extension: 

Let closed regions Ri, Re, R3; be given and let L denote the locus of all points 
t when a, B, 2 (varying independently) have Ri, Re, R; as their respective loci 
and satisfy the relation 


(¢ — a)(z — B) 
| (t, @, 3, B)| = E 
— a)(t — B) 
If the points a1, a2, - - - have no limit point exterior to Ri, if the points (:, 
Bs, - + have no limit point exterior to Re, if f(z) is meromorphic in the closed 


region L, and if all the poles of f(z).in L belong to the sequence a,, then the for- 
mal development 
(2 — B1)(z — Ba) 
f(z) =a +a : 


2— a (z — a1)(z — a) 


found by interpolation to f(z) in the points B;, converges to f(z) uniformly for z 
in R3. 
MEETINGS OF THE BOARD OF TRUSTEES 
Seven members of the outgoing Board of Trustees and eight members of 
incoming Board were present at the Atlantic City meetings. 
The following twenty-eight persons were elected to membership on applica- 
tions duly certified: 


N. C. Brown, M.S. (Maine) Instr., Wagner J. R. HapLey, B.S. (Ohio State) Teacher, Mt. 


Coll., Staten Island, N.Y. Sterling School, Mt. Sterling, Ohio; Grad. 
MELVIN DrESHER, Senior, Lehigh Univ., Beth- student, Ohio State Univ., Columbus, Ohio. 

lehem, Pa. C. H. Harry, Ph.D. (Johns Hopkins) Instr., 
MyrtLe Epwarps, A.M. (Georgia) Head of Johns Hopkins Univ., Baltimore, Md. 

Dept., State Coll., Bowdon, Ga. M. C. Hart.ey, Ph.D. (Illinois) Asst., Univ. 
F, J. Femnver, Pastor, St. Peter’s Church, of Illinois, Urbana, III. 


Loudonville, Ohio E. H. C. Hitpesranpt, Ph.D. (Michigan) 
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Asst. Prof., DePauw Univ., Greencastle, 
Ind. 

R. D. James, Ph.D. (Chicago) National Re- 
search Fellow, Calif. Inst. of Tech., Pasa- 
dena, Calif. 

G. R. Kaetin, A.M. (California) Instr., Los 
Angeles Jr. Coll., Los Angeles, Calif. 

KerrFer, A.M. (Wisconsin) Asst. Actu- 
ary, Aetna Life Ins. Co., Hartford, Conn. 

EvELyn M. KEnnepy, A.M. (Cincinnati) Laws 
Fellow, Grad. School, Univ. of Cincinnati, 
Cincinnati, Ohio. 

C. F. Lutuer, Ph.D. (Stanford) Instr., Stan- 
ford Univ., Stanford University, Calif. 
CurisTINE H. MacMartin, A.B. (North- 
western) Teacher, Deerfield Shields Twp. 

High School, Evanston, 

H. W. Marcu, Ph.D. (Munich) Prof., Univ. of 
Wisconsin, Madison, Wis. 

Morris MARDEN, Ph.D. (Harvard) Asst. Prof., 
Univ. of Wisconsin, Exten. Div., Mil- 
waukee, Wis. 

SisTER Mary CorpiA, Ph.D. (Johns Hopkins) 
Prof., Notre Dame Coll., Baltimore, Md. 

A. B. Mewsorvn, B.S. (Arizona) Instr., Univ. 
of Arizona, Tucson, Ariz. 
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HvuGu Muny, Student, Univ. of New Mexico, 
Albuquerque, N. M. 

R. J. Munro, B.S. in M.E. (Iowa) Instr., 
Mech. Engg., Univ. of New Mexico, Albu- 
querque, N.M. 

MARDELLE Newson, A.B. (Wheaton) Teacher, 
High School, Poplar Grove, III. 

IRENE Price, Ph.D. (Indiana) Instr., State 
Teachers Coll., Oshkosh, Wis. 

ErHEL A. Rice, M.S. (Colorado) Pampa, 
Texas 

H. N. ScHMELLNER, M.S. (New York Univ.) 
Grad Asst., West Virginia Univ., Morgan- 
town, W. Va. 

I. J. SCHOENBERG, Ph.D. (Jassy) Asst., Univ. 
of Jassy, Jassy, Rumania. 3 Shaler Lane, 
Cambridge, Mass. 

Laura N. Turner, A.M. (Michigan) Asso. 
Prof., Prairie View State Coll., Prairie 
View, Texas 

R. N. WALTER, Student, 
_Brooklyn, N. Y. 

C. L. Wirson, M.E. (Kansas State) Prof. 
Mech. Eng., Prairie View State Coll., 
Prairie View, Texas 


Brooklyn Coll., 


The financial report of the Secretary-Treasurer for the year 1932 was ac- 


cepted. Professor Slaught for the finance committee had examined the report; 
Professors A. A. Bennett and W. L. Hart examined the report and the evidences 
of assets and declared them satisfactory. The Trustees voted to transfer from 
the general treasury to the General Endowment Fund, Liberty Bonds $1000, 
Iowa Railway and Light Co. 5% bonds $3000, and a Texas Power and Light Co. 
5% bond $885. 

After a thoughtful consideration of papers published in the triennium 
1929-31, the committee on the Chauvenet Prize, consisting of Professors C. C. 
MacDuffee, Virgil Snyder, and W. B. Ford, chairman, recommended that the 
prize of $100 be awarded to Professor G. H. Hardy of the University of Cam- 
bridge, England, for his paper entitled “An introduction to the theory of num- 
bers” which appeared in the Bulletin of the American Mathematical Society, 
Vol. 35 (1929) pages 778-818. The Trustees voted to adopt this report. 

The Trustees approved the by-laws of the new Wisconsin Section and ex- 
pressed their pleasure at the organization of this section. 

It was voted to accept with thanks the invitation from the authorities of the 
University of Pittsburgh and Carnegie Institute of Technology and the teachers 
in the departments of mathematics to hold the annual meeting of the Associa- 
tion in Pittsburgh during the Christmas holidays of 1934, along with the 
meetings of the American Association and the Mathematical Society. 


l- 
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The Trustees voted to reappoint Mrs. Anna Pell Wheeler and Professor H. 
S. Vandiver as associate editors of the Annals of Mathematics, representing the 
Association, for the year 1933. 

The following were appointed associate editors of the Monthly for the year 
1933, as nominated by Professor Carver: 


W. F. Cheney R. E. Gilman R. E. Sanger 

N. A. Court R. A. Johnson D. E. Smith 

Otto Dunkel B. W. Jones J. H. Weaver 

B. F. Finkel J. R. Musselman F. M. Weida. 
H. L. Olson 


Some other items of business were discussed which had to do with (1) a 
possible modification of conditions of eligibility for the Chauvenet Prize; (2) the 
difficult situation involved in adapting the training of candidates for the Ph.D. 
in mathematics to teaching positions in secondary schools and junior colleges; 
(3) ways and means to finance the publication of one or more monographs under 
the auspices of the Carus Monograph Fund; (4) a slight modification of the ar- 
rangement between the Annals of Mathematics and the Mathematical Associa- 
tion; and, (5) tentative plans for the Chicago meetings in the week of June 19, 
1933. 


ANNUAL BusINEsSs MEETING OF THE ASSOCIATION 


The Secretary announced the names of those who had been elected to mem- 
bership at the meeting of the Trustees. He reported also the deaths of the follow- 
ing members: 


ANNA H. AnpREws, Teacher, High School, Hartford, Conn. (March 11, 1932) 

L. A. BAvER, Director emeritus, Dept. of Terrestrial Magnetism, Washington, D.C. (April 12, 
1932) 

W. M. Bropig, Professor of mathematics, Virginia Polytechnic Institute, Blacksburg, Va. (April 
1932) 

A. B. Cuace, Chancellor, Brown University. (February 28, 1932) 

C. N. Dickinson, Professor of mathematics, Hollins College (May 25, 1932) 

J. E. DonauUE, Associate professor of mathematics, University of Vermont (August 13, 1932) 

J. C. Fietps, Professor of mathematics, University of Toronto (August 9, 1932) 

J. D. Grant, Assistant in mathematics, University of Illinois (July 9, 1932) 

R. L. GREEN, Professor of mathematics emeritus, Stanford University (November 19, 1932) 

A. H. JEKEL, President, Colorado Clay and Mining Co., Boulder, Colo. (March 8, 1932) 

O. D. KELLOGG, Professor of mathematics, Harvard University (August 27, 1932) 

LyLau Kryper, Instructor in mathematics, Brooklyn College (March 29, 1932) 

C, A. PETTERSEN, Assistant principal, Schurz High School, Chicago, II]. (March 20, 1932) 

C. G. Simpson, Professor of mathematics, College of Electrical Engineering, Milwaukee, Wis. 
(February 5, 1932) 

L. C. WALKER, Ceresco, Nebraska (December 15, 1930) 

H. A. West, Professor of mathematics, Marion College (January 17, 1932) 

HEINRICH WIELEITNER, Director, Neues Realgymnasium, Munich (December 27, 1931) 

RosE B. Woop, Formerly instructor in mathematics, Greenville Woman's College, (July 28, 1931) 

J. W. YounG, Professor of mathematics, Dartmouth College (February 17, 1932) 
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The election of officers for the year 1933 resulted in the following, as reported 
by the tellers, Professors L. L. Smail and C. H. Yeaton: 

For President: W. H. Bussey, 204 votes; Arnold Dresden, 245 votes. 

For Vice-Presidents: A. A. Bennett, 240 votes; A. B. Coble, 220 votes; 
Tomlinson Fort, 194 votes; E. B. Stouffer, 225 votes. 

For additional members of the Board of Trustees, to serve until January 
1936: C. R. Adams, 181 votes; B. F. Finkel, 245 votes; W. L. Hart, 246 votes; 
E. V. Huntington, 280 votes; D. N. Lehmer, 226 votes; Mayme I. Logsdon, 
203 votes; E. J. Moulton, 228 votes; W. M. Whyburn, 150 votes. 

The following were accordingly declared elected: 

President: ARNOLD DRESDEN, Swarthmore College. 

Vice-Presidents; A. A. BENNETT, Brown University, E. B. STOUFFER, Uni- 
versity of Kansas. 

Additional members of the Board of Trustees: B. F. FINKEL, Drury Col- 
lege; W. L. Hart, University of Minnesota; E. V. HuntiNGTon, Harvard Uni- 
versity; E. J. MouLton, Northwestern University. 


REPORT OF THE SECRETARY-TREASURER AS TREASURER, DECEMBER 12, 1932 


RECEIPTS EXPENDITURES 

Balance Dec. 14, 1931........... $10,551.10 Publisher’s bills (Nov. '31—Oct. 
1931 indiv. dues....... 346.40 .. 10.74 
1931 instit. dues....... 56.00 Committee on Funds.......... S25 
1932 instit. dues....... 779.50 Editor-in-Chief’s office, 1931.... 105.00 
1932 subscriptions... .. 803.21 Editor-in-Chief’s office 1932.... 439.30 
Initiation fees......... 154.00 Committee on Membership... .. 183 .04 
Life memberships..... 116.97 550.78 
Advertising........... 363.50 Secretary-Treasurer’s office 
Sale copies of MonTHLY 264.10 5.00 
oe 8.00 Safety deposit....... 4.00 
Sale First Carus Mon... 22.50 Office supplies...... 92.65 
Sale Second Carus Mon. 21.25 Express, tel., etc..... 80.85 
Sale Third Carus Mon. 22.50 Clerical work....... 1,757.58 
Sale Fourth Carus Mon. 26.25 256.09 
Sale Rhind Papyrus... 262.00 Library expense..... 99.02 
Carrying charges Papy- Ins. back copies of 

Received Annals sub- Paid copies MoNTHLY 97.09 

5.00 New Orleans meeting 100.00 
Refund on section ex- Los Angeles meeting. 12.75 

12.47 Refund subscriptions 14.40 2,916.46 


Int. Oberlin Savgs. Bk.. 103.26 
Int. Peoples Bkg. Co... 71.60 Annals subvention............. 300 .00 
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Int. Liberty Bonds.... 85.00 Paid to sections from initiation 
Int. certifs. of deposit... 3.73 Forwarded Annals subscriptions 5.00 
Int. from Genl. Endow- Paid Annals subscriptions...... 5.00 
ment Fund Bonds... 357.50 Paid B. F. Finkel int. Hardy 
Int. Carus Fund...... 100 .00 120.00 
Int. Chace Fund...... 181.67 Sustaining memb. in American 
Int. from investment of Transfer to Chace Fund........ 558.75 
current funds....... by) Oey. Transfer to Carus Fund........ 192.52 
Profit from conversion 
of bonds (Chace, Total expenditures............ $11,125.11 
Chauvenet and cur- 
20.70 11,154.41 Cash on hand................. 8.98 
Total 1932 receipts.............. $21,705.51 Oberlin Savgs. Bk. acct......... 2,659.52 
Total expenditures.............. $11,125.11 Peoples Bkg. Co. acct.......... 1,776.84 
Balance to the end of 1932 business. 10,580.40 lowa Elec. Lt. & Pow. Co. 5% 
Texas Power & Light Co. 5% 
Bonds, market value......... 885 .00 
Received on 1933 business...... 619.57 Part certif. of deposit.......... 82.46 
Book balance Dec. 12, 1932.......$11,199.97 Bank balance Dec. 12, 1932.... $11,199.97 
Carus MonoGRAPH FunD 
$6,245.47 
Expenditures: Accrued interest on new 23.19 
$6,222.28 
Cleveland Trust Securities Co. Gold Bond... 1,000.00 
Pacific Power & Light Co. 5% Bond, market value.................... 770.00 
ARNOLD BuFFuM CHACE FuND 
Profit from conversion of matured bonds.................... 4.60 487 .37 
$4,582.35 
Western United Gas and Elec. Co: Bonds: ...... 2,370.00 
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CHAUVENET PRIZE FuND 


Profit from conversion of matured bond..................00cceeeeeees 2.30 24.38 
$ 619.38 

LirE MEMBERSHIP FUND 

$ 673.96 

on tite a0 of tan: 1, 1933. $ 658.13 

GENERAL ENDOWMENT FUND 

Depreciation Cleveland Terminals Land Trust Certificate......................45. 300 .00 
$7 , 700 .00 

Cleveland Trust Investment Co. Gold Bond....................00000 1,000 .00 


Of the funds on hand, indicated in,the first division of this financial report, 
$51.27 belongs to the Arnold Buffum Chace Fund, $119.38 belongs to the 
Chauvenet Prize Fund, and $658.13 is held as a Life Membership Fund, repre- 
senting the liability on life memberships already paid for, as of date Jan. 1, 
1933. Aside from these amounts, the various funds of the Association are carried 
in the form shown in the inventories under the exhibit above. 

When the accounts were closed Dec. 12, 1932, there remained on the total 
business for 1932 the following items: 


BILLs RECEIVABLE BILLs PAYABLE 

$200.00  Publisher’s bills (Nov.-Dec. ’32)....$1,150.00 
Editor-in-Chief’s office............ 80.00 

$250.00 Other editors’ postage............. 30.00 

Secretary-Treasurer’s office........ 350.00 

Annals 0.6.0.5... 75.00 

Initiation fees due to sections...... 850.00 

Chauvenet Prize Fund............ 119.38 

Life Membership Fund.... ...... 658.13 


$3 ,393.78 
If to the balance on 1932 business shown in the report, $10,580.40, there be 
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added the bills receivable, $250.00, and there be subtracted the estimated bills 
payable, $3,393.78, there results an estimated final balance on 1932 business of 
approximately $7,435, which represents the accumulated surplus in current 
funds. This is to be compared with the corresponding figure of $6,040 for a year 
ago. The profit in this year’s business is due chiefly to a gratifying amount of 
interest on general endowment and current funds, over seven hundred dollars, 
and to the continued carefulness and devotion of numerous members who serve 
the Association with a minimum of expense. In spite of the troublous times the 
Association and its activities are receiving the continued support of its members. 
W. D. Cairns, Secretary-Treasurer 


ARNOLD BUFFUM CHACE 
By R. C. ARCHIBALD, Brown University 


Arnold Buffum Chace, friend and benefactor of the Mathematical Associa- 
tion, for fifty-six years a member of the Corporation, for eighteen years the 
Treasurer, and for twenty-five years the Chancellor of Brown University, died 
at his home in Providence, Rhode Island, on 28 February 1932, in the eighty- 
seventh year of his age. 

He was born of Quaker parents at Valley Falls, Rhode Island, on Novem- 
ber 10, 1845. After taking his Bachelor of Arts degree at Brown University in 
1866, he spent two years in carrying on his scientific studies, the first at Harvard 
University, and the second, with special reference to chemistry, at the Ecole de 
Médecine, Paris, in the laboratory of Professor Wurtz. During the following 
year he was an instructor of chemistry at Brown University, but his brilliant 
and inquiring mind was already reaching out in other directions, since the 
young instructor went regularly to Harvard to hear lectures in biology. 

All hopes and plans for an academic career were, however, dashed after only 
this one year of apprenticeship. A death in his family suddenly left him the 
only surviving member to care for important business interests in connection 
with the Valley Falls Company; this care continued to be exercised for over 
sixty years. In writing to the Chancellor about a year ago, a life-long friend, the 
late great engineer John R. Freeman, expressed himself as follows: “I now 
venture to say to you, what I have often said to mutual friends, that it was a 
great misfortune to American science that you inherited a cotton mill, and did 
not continue as a mathematical physicist or chemist.” 

But such onerous business demands were wholly incapable of suppressing 
the cotton manufacturer’s seething spirit of scientific inquiry. He had become 
interested in the subject of quaternions as developed by that extraordinary 
Irish genius, Sir William Rowan Hamilton, and he wished for further guidance. 
What was more natural than that he should try to get the help of Professor 
Benjamin Peirce of Harvard with whom mathematical research in American 


q 
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universities may be said to have begun?! His request was met with cordial assent. 
In his reminiscences! of 1925 the Chancellor wrote: 

“T went to his house one afternoon a week for nearly a year and, sitting in 
his pleasant study before an open fire, I would show him the work that I had 
done in the previous week, and he, an old man, and I, a young man, discussed 
quaternions and other matters in a most friendly way. 

“He was one of the most stimulating men that I have ever known. I can 
picture him now with his large noble brow, his beautiful white hair, his flashing 
eyes, his animated but kindly face, and most inspiring personality.” 

The outcome of this contact was the publication in the American Journal of 
Mathematics, for 1879, of an excellent memoir on “A certain class of cubic 
surfaces treated by quaternions.” 

It was about this time that he became a director of the Manufacturers’ 
Mutual Fire Insurance Company of which he was to remain a director for fifty 
years. Questions which arose here in connection with the mathematical theory 
of probabilities interested him constantly. 

Instruction in modern and higher mathematics at Brown commenced with 
the advent of Henry Parker Manning. During the five years 1892-97, he gave 
courses on the Theory of Functions, on Higher Algebra, on Higher Analytic 
Geometry, and on Non-Euclidean Geometry; and in a class discussing such 
topics the Chancellor was a regular attendant for practically all of that time. 
Indeed for two years longer he used to meet Professor Manning once a week to 
talk about things mathematical, particularly the geometry of four dimensions. 

The impulse to the crowning intellectual effort of his career was given in 1910 
when he and Mrs. Chace made a trip to Egypt where they “became much in- 
terested in its monuments and literature.” Two years later, when in England, 
they purchased British Museum copies of the Book of the Dead, and of the 
Rhind Mathematical Papyrus. Inspired by his interest both in the history of 
mathematics and in the ancient Egyptian civilization, he soon commenced an 
intensive study of the latter. He had purchased various works dealing with 
hieratic and hieroglyphic writing. After long study together, Mrs. Chace com- 
menced the tremendous task of copying the hieratic from the British Museum 
copy, and of drawing under each sign the corresponding hieroglyphic transcrip- 
tion. (Mrs. Chace’s skill in drawing was a great asset in such a task.) Under this 
transcription was put the transliteration; since this transliteration, in following 
the original text, was from right to left, a fourth row under the other three re- 
peated the transliteration from left to right and in the fifth row came the literal 
English translation. The Chancellor’s original idea was that some day he would 
complete an edition of the papyrus for depositing in the Brown University 
Library, the consultation of which would enable one unfamiliar with hieratic to 
be able to find out what each symbol meant. 


‘ Compare this Monthly, vol. 32, 1925, p. 1-30; reprinted by the Open Court Publishing Com- 
pany (1925) as a booklet with additional material. 
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After ten years, great progress had been made in their work and American 
scholars were urging publication of the study. But the Chancellor was already 
seventy-seven years old, and his natural feeling was that an expert Egyptologist 
and a younger mathematician should be associated with him in revising the 
work and in putting it into a form worthy of scholarly ideals. This resulted in 
the happy collaboration of Doctor L. S. Bull, associate director of the Egyptian 
department of the Metropolitan Museum of Art, and of Professor Manning, 
who became such an expert in reading hieratic script that he was sometimes 
sharper-eyed than Doctor Bull himself. As the work evolved under the hands 
of these three, its scope increased. The Trustees of the British Museum granted 
permission to the Chancellor to publish a photographic facsimile of the papyrus. 
This alone would have made the work of great value to scholars. But a modern 
free translation and elaborate mathematical commentary were also prepared, 
and especially in the latter was the Chacellor able to make a large number of 
interesting contributions. A student of the Rhode Island School of Design was 
pressed into service to make 109 plates in two colors; and philological and criti- 
cal commentaries on the contents of these plates dealt with matters primarily of 
interest to the Egyptologist. 

The papyrus contains a fascinating variety of material. As the work on it 
was brought to a close, the Chancellor wrote: 

“The pleasure derived from such study has been great and especially have 
I enjoyed the intimate knowledge which I thereby gained regarding the reason- 
ing power of those ancient people. I venture to suggest that if one were to ask 
for that single attribute of the human intellect which would most clearly indi- 
cate the degree of civilization of a race, the answer would be, the power of close 
reasoning, and that this power could be best determined in a general way by the 
mathematical skill which members of the race displayed. Judged by this stand- 
ard the Egyptian of the nineteenth century before Christ had a high degree of 
civilization.” 

The Chancellor decided that his ideals as to the distribution of his work 
would best be served by arranging for the Mathematical Association of Amer- 
ica to be the publisher. He paid all bills for issuing the work in the finest form 
that an American press could turn out. The desire for this beauty of form was 
doubtless inspired by the fact that it was dedicated to the memory of Mrs. 
Chace. The proceeds from the sale of his work are to accumulate in an endow- 
ment fund of the Association, the Arnold Buffum Chace Fund, which now 
amounts to over four thousand dollars. 

While the first volume was printed in 1927, it was not sent out until the 
second one was ready in November 1929, when the Chancellor was 84 years of 
age. In February 1928, shortly after the appearance of the first volume, a happy 
letter of felicitation signed by members of the faculty of Brown was sent to the 
Chancellor. His acknowledgment concluded with the following striking sen- 
tence: “How useful the work will be, I do not know, but it has interested me, 
end I think that that life is full in which one uses all of his facilities all the time.” 
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Reviews by leading Egyptologists in England and Germany, and by mathe- 
maticians in Italy, Norway, and the United States, spoke of the work in terms 
of high praise. It was a contribution to the popularization of hieratic mathe- 
matical writing, a notable contribution to scholarship, and it contained much 
material dealt with to a degree of finality of enduring value. 

From the time that the Chancellor began work on the papyrus, seventeen 
years had passed before final publication, but during those years his mind was 
ever alert for the acquisition of fresh ideas in other fields. During 1921-23, for 
example, he was a regular attendant at lectures on relativity given by members 
of the mathematics department at Brown. And every new number of Science, 
Isis, Bulletin of the American Mathematical Society, American Mathematical 
Monthly, and Annals of Mathematics was almost sure to suggest to his mind some 
question which he sought to discuss with an expert in that subject. 

But the breadth of the Chancellor’s interests, his zeal as a student, and the 
force of his personality were nowhere more strikingly shown than in his founda- 
tion and conduct of a non-scientific organization, namely, of the Greek Club, 
afterwards the Review Club, carried on without a break for forty-five years. 
The program he planned for the Greek Club, required eleven years, and called 
for the study of the writings and ideas of most of the better-known Greek and 
Roman authors. When the name was changed to the Review Club, the papers 
were of a more general nature. As president of the Club, the Chancellor con- 
tinued to make careful preparation for every meeting, studying each announced 
topic so as to be in a position to make his own contribution to the evening. 

Thus Mr. Chace was not only an extraordinarily successful manufacturer, 
banker, director of many companies, and college administrator, but also a man 
whose greater interest was in things of the spirit. He was a bookish man of wide 
research and information. He had a large frame, but nobility was the distin- 
guishing mark of his bearing. He came near to dominating gatherings where he 
was present. The brilliancy of his perceptions, the singular clarity of his thought, 
his extraordinary ability to extract from a complicated mass of material what 
was essential, were indeed remarkable. But the detachment and serenity of his 
consideration of questions, even in the case of those concerning which he felt 
strongly, were outstanding and delightful characteristics. Members of his family! 
have told me that they never knew him to be ruffled. He had a wonderfully 
beautiful spirit. 

Some one has said that God gave us memory so that we might have roses for 
December. One of my roses is memory of this spirit. 


1 He had three sons and a daughter. His eldest son, Malcolm G. Chace, was at one time national 
tennis champion. The mother of Richard C. Tolman, professor of: physics at the California Insti- 
tute of Technology, was a sister of the Chancellor. 
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THE GEOMETRIC INTERPRETATION OF SOME FORMULAS 
OF ANALYTIC GEOMETRY 


By PHILIP FRANKLIN, Massachusetts Institute of Technology 


1. Introduction. The condition that three points in a plane with rectangular 
co-ordinates (x;, y;) lie on a straight line is 


As is well known, this may be regarded as the algebraic expression of the geo- 
metric fact that the area of the triangle with vertices at the three points reduces 
to zero. The condition that three straight lines in a plane meet in a point is also 
the vanishing of a certain determinant. Presumably this determinant is related 
to the area of the triangle having its sides on the three lines. However, the con- 
nection is not so immediate and has apparently not been completely studied. 
(cf. reference to Niewenglowski). In this note we show that when the equations 
of the straight lines are suitably normalized, the condition that they meet in a 
point admits of a simple geometric interpretation. The generalization to three 
and higher dimensions is indicated. 

2. Three lines ina plane. Let the equations of three lines in a plane be written 
in the normal form, 


(1) x cosa; + ysina; — p; = 0 

The condition that they meet in a point (finite or at infinity) is that 
cosa, sind; — 

(2) D=| cosd, sind, — p2| = 0. 
cOSd3 sinds — 


We shall interpret this determinant for the cases where the lines are not all 
parallel. Hence, by a change of notation, if necessary, we may find a finite point 
of intersection for the first two. Let it be (xo, yo). In the determinant D, we now 
add x» times the first column and yp times the second to the third, obtaining: 


{ 


cos dad; sina, 
(3) COS dg sind, O | 
hes | 


De= | COS dj, SIN Xo COS a4; + yosin a; — px 


from our choice of xo, yo, where hz is the perpendicular distance from (xo, yo) to 
the third line. Let us denote the three sides of the triangle formed by the three 
lines by s;, the angles of the triangle by S, and the altitudes by 4;. We may then 
write: 
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(4) D-= hs sin S3 = K/R = 4K?/s 15053. 


The last two forms are more symmetrical than the first, and result from the 
familiar expressions for K, the area of the triangle and R, the radius of the cir- 
cumscribed circle: 


R = s3/(2 sin S3) = s15953/(4K), 
S3h3/2. 


We here, and later, disregard the conventions as to signs of the quantities 
which appear which are based on the relation of the figure to the co-ordinate 
axes. Instead, we regard (4) and similar equations as relations between the nu- 
merical values of the quantities involved. 

For non-specialized positions of the three straight lines, the quantities K, 
R and s; will all be finite and non-vanishing. If we vary the lines continuously 
from a non-specialized position to a position where they pass through a point, 
either R will remain finite while K is zero, or R and K will both vanish, but K 
to the second order in R. Similarly K? will vanish to a higher order than the 
product s,5253. When just two of the lines become parallel, R, K and two of the 
s; become infinite, but each to the first order in R, so that our expression re- 
mains finite and distinct from zero. When all three lines become parallel, the 
three s; all become infinite to the same order as K, while R becomes infinite to 
the second order compared with them. 

We have interpreted the condition D, for the normalized equations. It is 
interesting to compare our equation (4), with an expression given by Niewen- 
glowski! for the area of the triangle with sides on the three straight lines whose 
equations are 


Aix t+ By +C; = 0, (i= § 3), 
namely: 
| Ai, Bi, Ci| ? 


2¢1C2C3 


(S) 


where the small c; are the co-factors of the large C; in the determinant which ap- 
pears in the numerator. He remarks that this formula “explains” why the van- 
ishing of the determinant on the right is the condition that the three lines meet 
in a point. 

As equation (4) gives D in terms of K?, while equation (5), which becomes 


D? 


2 sin S; sin Sg sin S3 


(6) K= 


when applied to our normalized forms, gives K in terms of D?, the two results 
might seem to be contradictory. However, using 


1B. Niewenglowski, Cours de Géométrie Analytique, vol. I, Paris, 1894, p. 90. 
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K = 35,52 sin S3, 
and the similar relations, we may derive from (6): 
D*/K* = 2 sin S; sin Sz sin S3/K* = 16/(s?s?s?), 


which is in agreement with our equation (4). 

3. Four planes in space. When we go from two to three dimensions, we find 
that it is the last expression in equation (4) which generalizes. We have here 
four planes, and we write their equations in normal form as 


(7) x cos a; + ycosb; + zcosc; — pi = 0, = 1, 2, 3, 4). 
The condition for their intersecting in a point is 
(8) D= | COS a;, cos b;, cos — pi| = 0. 


Proceeding as we did in the two dimensional case, we assume that the first 
three planes intersect in the finite point (xo, yo, 20), and by making the ap- 
propriate combination of columns, derive: 

(0) D= | COS a;, COS bj, COS Ci, Xp COS + Yo COS b; + 29 COS Cj — pi | 

= cos a;, cos b;, cos c;|, 

where hy is the perpendicular distance from the point (xo, yo, 20) to the fourth 
plane and j runs from one to three. 

Let us call the volume of the tetrahedron formed by the four planes K, and 
the areas of the three faces which abut on the point (xo, yo, 20) Si, S2, Ss respec- 
tively. For the components of the vector along the edge common to planes 2 
and 3, we write 1, 2, w:, and designate the other two abutting edges similarly. 
We then have: 


(10) 6K =| uj, 0;, w;| . 


If we denote the co-factors of the elements of this determinant by the cor- 
responding capital letters, we have 


(11) | Ui, Vi, Wi] =| 05, ws *, 
by a known theorem! on adjoint determinants. But, we note that 
(12) U, = 2s, cos a1, Vi = 25; cos hi, etc. 


In fact, Ui, Vi, Wi are the components of a vector perpendicular to the first 
plane, of length 2s). The last four equations may be combined to give: 


h(6K)? (6K)? 


8515953 2451595354 


(13) D= 


where s, is the fourth face, since: 


1 Cf. e.g. Bécher, Higher Algebra, New York, 1919, p. 31. 
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(14) 3K = shy. 

When four planes are given in the ordinary form 
(15) Aix t+ By + Cz + D; = 0, 
the volume of the tetrahedron formed by them is 

| Ai, Bi, Ci, Di | 
6d 


where the d; are the co-factors of the D; in the determinant which appears in 
the numerator. This may be proved by calculating the vertices of the tetra- 
hedron, analogous to the process used by Niewenglowski to prove equation (5) 
above. When this expression is applied to our normalized forms, it gives: 

212) 3s 3 se sz se 


6°K* 


(16) K 


(17) K 
in view of 


(18) (6K)? = 23syses3 | cos aj, cos b;, cos ¢;| 
235 Se53d4, 
which may be derived from equations (10), (11) and (12), and the similar rela- 
tions. This agrees for our expression of D in terms of K* in (13). 
4. Hyperplanes in n-dimensions. Our results generalize to n-dimensions, and 
are proved by obvious extensions of the methods already used. In n-dimensional 
space, the (n+1) hyperplanes whose equations are: 


(19) + Angi; = 0. n+ 1), 


j=1 


bound an (n+1)-faced hypersolid. Its volume, K is given by 


(20) K = | Ass * 


! 
°° * An+i,n41 


where the a’s in the denominator are the co-factors of the corresponding A’s 
in the determinant which appears in the numerator. 
When the equations are normalized, and the determinant D formed, we 
have: 
(m!K)" 
(21) 


where K is the n-dimensional volume of the (w~+1)-gon, and the s; are the 
(n —1)-dimensional volumes of the bounding faces. The vanishing of D is the 
condition that all the hyperplanes pass through a point. 

Throughout this discussion, we have assumed that the co-ordinates are 
rectangular. However, as a change from rectangular to oblique co-ordinates may 
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n 
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be associated with an affine transformation which merely scales down volumes 
(of the dimension of the space in which we are working) in a constant ratio, 
results such as equation (20) are readily extended to oblique systems by intro- 
ducing the appropriate scale factor. The normal forms may be modified in the 
usual way, the “direction cosines” being replaced by ratios based on oblique 
projections, and perpendicularity by conjugacy in a quadric. However, the 
(n—1) volumes in the denominator of equation (21) would not transform simply. 


ON THE VALUATION OF LAND AWAITING CONVERSION 
TO A HIGHER USE 


By H. A. BABCOCK, Chicago, Illinois 


In and around every large American city there are, in the aggregate, very 
large areas of vacant land and land improved with obsolete and partially ob- 
solete buildings. The owners of these properties are waiting for the growth of 
the city to absorb the vacant lands and to permit the conversion of lots sup- 
porting obsolete buildings to some higher! use. The present value of such land 
is of importance to these owners, to the tax assessor, and to those concerned 
with zoning regulations and the rehabilitation of blighted districts. 

The problem of determining the present value of a large tract of ground, to 
te developed over a period of years, has been given attention recently.? The 
distinguishing characteristic of this type of valuation problem is that the present 
value is a reflection of a future utilization of the several parcels comprised in the 
tract, to take place progressively, immediate development of the entire area 
not being possible because of the absence of sufficient demand. It is the proba- 
bility of such future progressive utilization which creates the present value. The 
incidental income from the undeveloped portions of such areas contributes but 
little to the value, it is the ultimate conversion to some higher use, parcel by 
parcel, which contributes the major portion of the present value.® 

To solve such a problem it is necessary to ascertain the total area of the 
tract, estimate the rate of absorption or conversion, approximate the ultimate 
sales price or developed value per parcel and the incidental income per parcel, 
and to allow for the annual taxes to be levied against the unsold or undeveloped 
portions. The methods of determining or approximating these data will not be 
discussed here. 


1A “higher” use of a particular tract of land is one which develops a higher unit land value 
than the current use; it does not necessarily involve height of building or amount of building area 
and may not even require a building. 

* Report on the Economic and Engineering Feasibility of Regrading the Bunker Hill Area, Los 
Angeles, Wm. H. Babcock & Sons, Real Estate Consultants & Valuators. Privately printed, June 
1, 1931. Copies available in a number of university, municipal and other libraries. 

* In the case of fully improved properties the reverse is true; it is the immediate earning expect- 
ancy (or utilization) which contributes the major portion of the present value and the ultimate 
conversion of the land to some other use which contributes but a minor portion. 
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Let it be assumed that no lands are added, during the conversion, to the area 
initially available for conversion, and that the rate of conversion, the net sales 
price per unit area, the incidental income per unit area, and the annual tax rate 
do not change during the process of conversion. Further, let it be assumed that 
the value of the unsold or undeveloped portion, at any time, as computed 
by applying these assumptions to the data, will be the value as determined by 
the tax assessor and that the tax rate will be applied to such values. 

The method of deriving the valuation formula consists of setting up the 
series of net receipts from the entire property, year by year, computing the 
present worth of each member of the series, and summing these present worths. 

The calculation of the present worth of an amount of money to be received 
at a future date involves the use of an interest rate. In any actual valuation 
problem the uncertainties in the data and the predictions of future events are 
compensated by the selection of a suitable interest rate.” 


Value of Entire Tract 


Let the total area initially available for conversion be A, and the total num- 
ber of years required to complete the conversion be VN. Then A/N =area sold 
per year, and is constant by hypothesis. Let the net sales price per unit area be 9, 
which is also constant by hypothesis. Then the constant net sales revenue per 
year will be Ap/N. Let n be a time variable taking on the positive integral 
values n=0,---, N. Then the unsold area at the beginning of the (n+1)st 
year will be A(1—/JN). If B is the annual incidental net income per unit area 
before taxes, constant by hypothesis, then the incidental income during the mth 
year will be BA [1—(n—1)/N]. 

Let it be assumed that the annual tax will be levied on the actual value at 
the beginning of each year and paid one year later. Let the annual tax rate on 
full value be p and let the value of the unsold portion of area A at the beginning 
of the (w+1)st year be V,. Then the taxes payable at the end of the mth year 
will be pVn_1. 

Let the net receipts (sales receipts+-annual incidental incomes — taxes) re- 
ceived at the end of the mth year be r,, then 


v? Be N Pv = ( PV n—-1)) 


where P=A[p+(N+1)8]/N and B=AB/N. 


1 It is not within the scope of this paper to discuss the validity of these assumptions or to 
show the effect, on the value, of variations from year to year in the rate of conversion, unit price, 
tax rate, and incidental income. This paper deals with the method of computing the value, at the 
beginning of and during the conversion period, assuming these propositions to be valid. 

2 In the limiting case of a riskless investment, that is, a case in which the predicated future 
events are certain to occur, the interest rate does not reduce to zero but to a rate called the “pure 
interest rate.” In any actual problem, an interest rate is selected which is greater than this pure 
interest rate by an amount deemed sufficient to compensate for the uncertainties involved in the 
prediction of future events. 
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Now, the general formula for the initial (or present) value of any series of 
net receipts (71, 72,° °°, *» Tn) is 


N 
(2) Vo= 
n=1 


where v = the present value of 1 due 1 year hence at the interest rate (or rate of 
return on value) 7. By definition »=1/(1+72). 
The value of the series after m of the payments have been received is 


N-n 


(3) Vn Tnimd™, 


where m is a time variable taking on the positive integral values m=1,---, 
N—-n. 
In the specific problem under consideration, 
(4) Trim = [P (n + m)B 
by (1), and substituting this value in (3), 
N-n 
(5) Vin = — + m)B — pV 


m=1 


The tract will be sold out after N years, by hypothesis, and there will then 
be no further receipts, so that Vy =0, and Vy_, will be the last value of V greater 
than zero. To determine the value of Vy_i, let »= N—1 in. (5), hence 


=(P — NB — pVy-1)0 
and 

(1 + = (P — 
Now, let 
(6) =p, and wo = u. 

1 + pv 
Then 
(7) Vy-1 = wo(P — NB) = u(P — NB). 


To determine the value of Vy_, let n= N—2 in (5), hence 


Vy-2 = [P — (N — 1)B — + [P — NB — 


By transposition of the term in Vy_2 and substitution from (6), it can be 
shown that 


(8) = ul[P — (N — 1)B]) + — NB]. 
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Similarly, by placing » = N —3 in (5), it can be shown that 
Vy-3 = u[P — (N — 2)B] + w[P — (NW — 1)B] + — NB]. 


Eq. (9) can be written in the form 


(10) Vyv-3= > [P—(N—3+m)Blu", 


m=1 


and can be generalized by letting s =the upper limit to give 


8 


(11) Vy-s = > [P —(N —s+m)Blu™. 


m=1 
Now, let N—s=n, then 


N-n N-n 


m=1 m=1 m=1 


The equation 


N-n 
[P — (n+ m)B — = [P — (n+ m)B\u™, 
m=1 


m=1 


which has been inferred, may be proved by mathematical induction. 
In (12), P and B are both constants, and 7 is constant so far as the summa- 
tion is concerned, so that 


N-n N-n 
(13) V, = (P — nB) youn — B mu". 
m=1 m=1 
Before carrying out these summations it is advisable to examine the quan- 
tity wu”. By (6), « was defined as pu=v/(1+ pv), but since, by definition, 
v=1/(1+7) the subscript 7 may be used to indicate that v is at the interest rate 
i. Thus 


poi (i+p) 
1+ —— 
i+: 
This is an important result inasmuch as it states that wu is the present value of 
1 due 1 year hence at the rate (t+ ). 


The present value of 1 per annum for T years at the rate 7, is denoted by the 
symbol a7; and is equal to be # v;' , therefore, it follows that 


(14) u 


= Vi+tp- 


= Flitp 


is the present value of 1 per annum for T years at the rate (i+ ). 


(9) 

3 

| 
1 
0; 1+i 1 
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It may be shown that the increasing annuity 


r 1 
= —{ [i(T +1) + — TH; 


t=1 


therefore, it follows that 


1 
(16) Diu! = ——{[(it+ + 1) + — T}. 
t=1 t+p 


The results of (15) and (16) when substituted in (13) give 


V P (N 1)B (N ) 
| 4 | itp + 
N | 


1 1 


By substitution of 


A 
P [p> + (N + 1)6] and B = ve 


A 
N 
and letting 8/(i+p) =k, it can be shown that 


A 
(17) + (V = n) 


This is the general equation giving the value of the unsold portion of the tract, 
at any time 2, in terms of the data, A, N, p, B, and p, and in terms of 7, the rate 
of return on the value. 

The initial value of the entire tract is obtained by placing m=0 in (17). 


A 
(18) — k)axjix, + NR}. 


If 8, the incidental income, is zero, then k=0, and 


A 
(18.1) Vo = 


where A p/ N = net sales revenue per year.! This simple equation states an impor- 
tant fact; namely, that the initial value of a tract of land producing no net in- 
come, to be sold out at a constant rate and at a constant price per unit, subject 
to an annual ad valorem tax at a constant percentage, is obtained by multiply- 
ing the net sales revenue per year by the annuity factor for the number of years 
required to dispose of the tract at the interest rate which is the sum of the rate of 
return and the tax rate. 


' Formula (18.1) is the one used in computing the initial value of the proposed regrade area in- 
volved in the Bunker Hill Project, to which reference was previously made. 
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Value per Unit Area 
The value per unit area of the unsold portion at any time m, denoted by wy, 
is obtained by dividing V,, in (17), by the unsold area, A(N—m)/N, at the be- 
ginning of the (n+1)st year, which gives 


p—k 


19 = —— &. 
( ) N—n\ itp 
The initial value per unit area, obtained by placing n =0, is 
p—k 
(20) Wo = tk. 
This may be written in the form 
20a wo = + g\ —__—_ 
(20a) o=?p B 
By definition, =D so that 
1 ~ 


which is the arithmetical average value of u” over all integral values of m from 
1 to N. Denoting this average value by w, 


= 
F p p 
Comparison with value of Unit Area for Which the Date of Sale is Certain 


The initial value of unit area producing, before taxes, 8 per annum, and with 
a sale for the amount # certain to occur at the end of N years, may be derived by 
noting that, under this hypothesis 


(20b) Wo = pu + a( 


N-n 


Wn = — + 


m=1 
and, by the same reasoning used in deriving (12) from (5), that 
(21) i+, + pur-*, 


which, with n=0, gives! 


1 Formula (22) is useful because it gives the initial value of a specific property in terms of the 
tax rate and net earnings before taxes, assuming a total earning life of N years, 8 constant, and a 
reversion value of ~. This may be compared with the well known formula for the initial value of a 
constant net return, r, for N years at rate i, with a reversion value of p, which is 

= ray, + po’ 

The effect of the taxes is to raise the rate from i to (i+ ,) but involves the substitution of 8, 
(net earnings before taxes), for r, (net earnings after taxes). Note, however, that in the case of 
terminable earnings, if 8 is constant, r is not. 

Formula (22) has a practical application in valuing income producing property to determine 
the value subject to tax. 


~ 
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(22) Wo = Bayjix, + pur. 


The form of (22) is similar to that of (20b) but the values are quite different, as 
they should be. In (20b), the income may terminate and the sale take place at 
the end of any year from »=1 to n=N, each of these values of nm being equally 
likely; whereas, in (22), the income is assumed to continue for the definite 
period of N years with the sale definitely occurring at the end of the Nth year. 


THE CAYLEY-HAMILTON THEOREM 
By A. K. MITCHELL, Trinity College 


In a recent note! the author pointed out that the characteristic determinant 
of a square matrix is readily obtained, in powers of the latent roots, by using the 
generalized Kronecker delta in defining the determinant. For the m square 
matrix |Z | the characteristic polynomial so obtained was written thus 


where 
(2) Ip = Es’, 


on. :. in, being the generalized Kronecker delta? and the repeated indices be- 
ing summation labels, the summation running from 1 to m. The characteristic 
equation of the matrix | Ey | is obtained by equating the expression (1) to zero. 

According to the well known Cayley-Hamilton theorem,’ every square ma- 
trix satisfies its own characteristic equation; and it is natural to expect that the 
notation and definitions used in the above mentioned note should yield an easy 
proof of this theorem. That this is so will be seen as follows: 


Writing E=||E; || for the m square matrix we have to prove that 


Proof: By differentiating the expression (2)-and collecting terms, we find by 
an easy calculation‘ that 


and 


1A Note on the characteristic determinant of a matrix. This MONTHLY, vol. 38 (1931), p. 386. 

2 See F. D. Murnaghan, in this MONTHLY, vol. 32 (1925), p. 233; and O. Veblen, Invariants of 
quadratic differential forms, p. 3. 

3 See H. W. Turnbull, Theory of determinants, matrices and invariants, p. 99. 

4 See The derivation of tensors from tensor functions, American Journal of Mathematics, vol. 
53 (1931), p. 198; also H. W. Turnbull, On differentiating a matrix, Proceedings of the Edinburgh 
Math. Society, (2) vol. 1 (1928), pp. 111-128. 
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But 


where the summation in the repeated labels is from 1 to m only. There being 
n+1 places to fill both in subscripts and superscripts and only m numbers to 
fill them, in each summation at least one number must be repeated, which 
makes the Kronecker deltas vanish by definition, hence 


Ingi = 0 and 01y4:/0E* = 0 


from which because of (5) we see that (4) is true.! 


THE INDIAN ORIGIN OF THE MODERN PLACE-VALUE 
ARITHMETICAL NOTATION. PART IV 


By SARADAKANTA GANGULI, Ravenshaw College, Cuttack, India 
The evidence of inscriptions 


We have seen that the works of the elder Aryabhata and his successors con- 
tain indisputable evidence to show that the modern place-value notation has 
been in use in India ever since he wrote his Aryabhatiya. The evidence of in- 
scriptions also supports this view.” Biihler writes:* “The earliest epigraphic in- 
stance of the use of the decimal notation occurs in the Gurjara inscription of the 
Cedi year 346 or A.D. 595, where the signs are identical with the numeral sym- 
bols of the country and of the period.”’ In the Morbi copper-plate inscription of 
A.D. 663, which seems to have escaped Kaye’s notice, the year 585 is expressed 
in decimal figures according to the modern notation.* Dates expressed in this 
notation by means of word-numerals instead of figures “are found in the 
Kamboja (Cambodia) and Campa inscriptions of the 7th century.' In Java they 
occur in the 8th century. And about the same time appears the first trace of 
such a notation in an Indian document,”* Devendravarman’s Cicacole inscrip- 
tion of the year 183. The year “is given first in words and next expressed by the 
symbol for 100, the decimal 8, and the syllable /o, i.e. Joka 3, while the day of the 
month, 20, is given only in decimal figures.”’ Similar mixtures of the modern 


1 See also H. W. Turnbull, The invariant theory of a general bilinear form, Proceedings of the 
London Mathematical Society, (2), vol. 33 (1931) p. 10. 

2 Kaye holds a diametrically opposite view, which will be discussed in this paper. 

5 Indian Antiquary, Vol. XXXIII, 1904, Appendix, p. 83. 

4 Indian Antiquary, July and September, 1873. 

5 If Indians outside India (i.e., in Kamboja and Campa) used this notation by words in in- 
scriptions of the 7th century, it is very likely that they only copied the practice prevailing in 
India at the time. 

Bihler, Indian Antiquary, Vol. XX XIII (1904), Appendix, p. 86. 

7 Ibid., p. 78. 
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notation with the old occur in other inscriptions also.'! Such mixtures prove the 
existence of the modern notation just as the presence of a mixture of nitrogen 
and oxygen in the atmosphere proves the existence of either of these two gases. 
For an explanation of the use of a mixture of the old and new notations we may 
refer the reader to Kaye’s Hindu Astronomy? where he writes? “The persistence 
of old ideas and the neglect of new ones are among the commonest phenomena 
pertaining to the history of intellectual development. Indeed, these phenomena 
have prevailed (and still prevail) with the ‘school-men’ of almost every coun- 
try.” 

What are the views of such high authorities on ancient Indian epigraphy as 
Biithler, Kielhorn, V. A. Smith, Bhandarkar and Thibaut? “Their work” write 
Smith and Karpinski “is accepted by Indian scholars the world over, and their 
united judgment as to the rise of the system with a place value—that it took 
place in India as early as the sixth century A.D.—must stand unless new evi- 
dence of great weight can be submitted to the contrary.”* If Kaye’s examina- 
tion of Indian inscriptions tends to disprove their judgment, it is necessary that 
some reliable epigraphist should scrutinise his method of examination. I have 
elsewhere’ shown that it is not safe to rely on his statements and quotations 
from authorities. Although the present writer is quite ignorant of epigraphy, 
Kaye’s examination of some of the inscriptions appears objectionable to him. 
Kaye has taken no notice of the inscriptions in which dates are expressed either 
in a mixture of the old and new notations or with the help of word-numerals 
after the manner of Jiva Sarma, Varahamihira and subsequent astronomers. We 
have seen that such methods of expressing numbers presuppose the existence of 
the modern notation. Of the list of seventeen inscriptions before the tenth cen- 
tury, which he has considered,® I have already referred to the Gurjara inscrip- 
tion of the year 595 A.D. No epigraphist of any repute has declared it to be 
spurious. Yet Kaye writes: “There cannot be the remotest doubt as to the un- 
soundness of this particular piece of evidence of the early use of the modern sys- 
tem of notation in India.”’ In this case, as in some other cases,* Kaye, like an 
advocate who has a weak case to argue, tries to make up for the deficiency in the 
strength of his evidence by emphatic assertions or denials. No. 4 of his list is the 
Kanheri inscription of A.D. 674. Kaye does not state that it is forged. He begins 
examination of this document by quoting Thomas who is said to write: “The 
next date in order of priority, which I can refer to, occurs among the Kanheri 
inscriptions, but the date is expressed in numerals only and the Samvat is not 


! Ibid., p. 78, foot-note 4. 
* Memoirs of the Archeological Survey of India, No. 18, 1924. 

3 Ibid., p. 129. 

‘ The Hindu-Arabic Numerals, pp. 47 and 48. 

5 Isis, Vol. XII, pp. 134-145. Am. Math. Monthly, Vol. XX XVII, p. 19, foot-note 3. 
§ Journal of the Asiatic Society of Bengal, July, 1907, pp. 482-486. 

7 Journal of the Asiatic Society of Bengal, July, 1907, p. 484. 

8 Isis, vol. XII, pp. 137, 138, and 140. 
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specially defined . . . supposing the date to refer to the Khramaditya era, it will 
correspond with A.D. 674.” Then Kaye writes: “Mr. West gives the figures of 
this date, ... , which he interprets as 731 or 732.”! In spite of doubt as to the 
actual figure in the units’ place it cannot be denied that the modern notation 
has been used in this inscription. No. 7 of Kaye’s list is the Samangad plates of 
A.D. 754. Although Thomas, Biihler, Bala Gangadhar Sastri, and Fleet differ 
as to the actual figures in the units’, tens’ and hundreds’ places, they hold that 
the date was expressed in the modern notation with decimal figures. The next 
document in the list is the Baijnath inscription of the Saka year 726 or A.D. 804, 
which contains, according to Biihler, “three numeral signs, the first of which is 
clearly 7. The following two may have been 26, as Sir A. Cunningham has read 
them and has represented them . . . , but in the impression they are by no means 
certain.”? Although there may be difference of opinion as to the actual figures 
in the units’ and tens’ places, the use of the modern notation cannot be denied. 
It has not been suggested that the inscription is spurious. Similar remarks apply 
to Nos. 11 and 17. Nos. 5 and 10 are respectively the Kaira plates of A.D. 683 
and the Kanheri inscription of A.D. 843. The figures of these documents are 
said to be marked doubtful. But we have just seen that even doubtful figures 
may imply the use of the place-value notation. It has not been suggested that 
these documents are spurious. Nos. 12 and 16 have been rejected for want of 
published plates. Want of opportunity to examine an inscription is no proof 
that the modern notation was not used in it. Thus Cajori is not justified in writ- 
ing on the authority of Kaye that “of 17 citations of inscriptions before the 10th 
century displaying the use of place value in writing numbers, all but two are 
eliminated as forgeries; these two are for the years 813 and 867 A.D.”8 

It will thus be seen that, even if we reject the inscriptions which are re- 
garded as forged or suspicious, there still remain others to show that the modern 
notation was used in Indian inscriptions at least as early as the seventh century. 
The forged or suspicious inscriptions also, which are not without a historical 
value of their own, point to the same conclusion. Colebrooke writes: “The 
necessity of rendering the forged grant credible would compel a fabricator to 
adhere to history and conform to established notions; and the traditions which 
prevailed in his time and by which he must be guided, would probably be so 
much nearer the truth, as it was less remote from the period which it con- 
cerned.” Smith and Karpinski maintain that even in those remote times at 
least a century must elapse between the invention of a system and its appear- 
ance in inscriptions and write that “it was more than two centuries after the 
introduction of the numerals® into Europe that they appeared there upon coins 


1 Journal of the Asiatic Society of Bengal, July, 1907, p. 484. 

2 Ibid., p. 485. It is Kaye’s quotation from Biihler. 

3 A History of Mathematical Notations, Vol. I, p. 48. 

4 Quoted by Smith and Karpinski in The Hindu Arabic Numerals, p. 46. 
5 Here the word ‘numerals’ is used to mean numerals with place value (ibid., p. 46, foot-note). 
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and inscriptions.”! Even Kaye admits that “it is possible that the new notation 
was in use long before it appeared in inscriptions.” Hence, it is not unreason- 
able to suppose, on the evidence of inscriptions, that the modern notation must 
have been known in India at least as early as the sixth century. But, if the 
Gurjara inscription of the Cedi year 346, 7.e., A.D. 595, which Biihler quotes as 
“the earliest epigraphic instance of the use of the decimal (7.e., the modern 
place-value) notation” in India and which Kaye considers to be unreliable, be 
proved, on further examination, to be undoubtedly genuine, the earliest period 
in which the modern notation was known in India may be pushed back into the 
fifth century. Thus we see that the evidence of inscriptions is quite in agree- 
ment with literary evidence. 


QUESTIONS, DISCUSSIONS, AND NOTES 
EpiTEpD BY R. E. GILMAN, Brown University, Providence, Rhode Island 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems which are reserved for the department of Problems and Solutions. 


On CERTAIN TYPES OF POLYGONS 


By J. R. MussELMAN, Western Reserve University 


§1. Recently R. Goormaghtigh’ and J. M. Feld‘ have made some interesting 
generalizations of several theorems which appeared in a note® of mine concern- 
ing sets of equilateral triangles. In a paper read before the Ohio section of The 
Mathematical Association on April 7, 1932, another form of generalization was 
mentioned. This leads to a type of polygon of m sides whose properties are of 
sufficient interest to invite further study. 

Throughout this note we shall represent any point in the plane by a single 
complex number. Let (k=0, 1, -- represent the m vertices of a 
positively-ordered polygon; the coordinates of these vertices a:,, are subject to 
one and only one condition, namely that 


(1) e* a1 = 0, 
k=0 


where ¢€ is a primitive mth root of unity. Hereafter we shall call any polygon 
satisfying condition (1) a positive n-gon of the M type. 


1 Tbid., p. 47. 
2 Journal of The Asiatic Society of Bengal, July, 1907, p. 487, foot-note 2. 
3 This Monthly, vol. 39 (1932), p. 535. 
‘ This Monthly, vol. 40 (1933), p. 36. 

5 This Monthly, vol. 39 (1932), p. 290. 


1 

) 

> 


158 ON CERTAIN TYPES OF POLYGONS [March, 


Let Me. (R=0, 1,---,m-—1) bea positive n-gon of the M type, the co- 
ordinates of whose vertices d2,, are subject to the condition 


n—1 
(2) >> = 0. 

k=0 
If we multiply (1) by A and (2) by wand then divide their sum by A+ we obtain 
the theorem that given two positive n-gons of the M type M,,. and M2,x, those 
points which divide the n segments M2. (kR=0,1, ---,m—1) inthe ratiodr:p 
form a positive n-gon of the M type. Since condition (2) is true if the coordinates 
d2,, are permuted cyclically, we can for every value of \:yu select ” such n-gons 
of the M type. 

Let M3, be a third positive m-gon of the M type, the coordinates of whose 

vertices d3,, are subject to the condition 


n—1 
(3) e* = 


k=0 


If we take one-third the sum of (1), (2), and (3) we have the theorem that 
given three positive n-gons of the M type M,,x, M2,x, Ms,x; the centroids of the n 
three-points (k=0, 1,-- +, n—1) likewise are a positive n-gon of 
the M type. By permuting the coordinates a2,, and a3; in conditions (2) and (3) 


we can obtain n? positive m-gons of the M type. Moreover we note that the 
centroid of all n? n-gons thus formed 1s the same point. 

By a similar method of proof one is lead to the following theorem: given n 
positive n-gons of the M type, M;,x, (4, af the points 
Mine (¢=0, 1,---,m—1) are each positive n-gons of the M type, 
then the n points M;n-1 (t=0,1, - - - ,m—1) arealsoa positive n-gon of the M type. 
Perhaps a more interesting theorem is that given (n—1) positive n-gons of the M 
type, M;,..(t=0,1,---,n—2;k=0,1,---,m—1); af we construct the point No 
which to-gether with M;) forms a positive n-gon of the M type, if we construct the 
point N, which to-gether with M;,, forms a positive n-gon of the M type, etc. then 
the n points N;, (k=0,1, - - - ,m—1) themselves are a positive n-gon of the M type. 

These n-gons of the M type are well-known for certain values of m; thus n =3 
gives the equilateral triangle and »=4 is the pseudo-square.! If we define a 
square as an ordered four-point, whose diagonals are equal, perpendicular and 
bisect each other, when we eliminate one of these conditions we obtain re- 
spectively the rhombus, the rectangle, and the pseudo-square. From this point 
of view the pseudo-square has been ill-treated in our elementary geometry 
books. 

To show the importance of these m-gons of the M type let me mention two 
further theorems? concerning them. Jf we construct externally, on each side of a 


1 Probabiy named by Neuberg. See problem proposed for solution in Mathesis, vol. 13 (1893), 
p. 216. Is there a more appropriate name? 
2 Proofs of these two theorems for n=3, 4 can be found in the literature, 
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positive-ordered n-point, the positive-ordered regular polygon of n sides; the centers 
of these n regular polygons is a positive n-gon of the M type. For, if we assign the 
complex numbers a;(i=0,1, - - - , m—1) to the vertices of the m-point, the co- 
ordinate b; of the center of the regular polygon on the side A ;A ;+: is given by the 
relation 


(4) — 1)b; = ea; — 


It is a simple matter to show that these m centers satisfy the condition for a 
positive m-gon of the M type. Also, if we construct internally on each side of 
the positive ordered n-point, the positive-ordered regular polygon of m sides, it 
can be easily shown that the centers of these m regular polygons form a negative 
ordered n-gon of the M type. Both the associated n-gons have the same centroid 
as the original m-point. 

On the sides of a positive n-gon of the M type, construct externally directly 
similar triangles, these n vertices form a positive n-gon of the M type. For, if we 
assign the complex numbers a;(i=0, 1, - - - , m—1) to the vertices of the n-gon 
of the M type, the vertex v; of the triangle on the side A;A,4; is given by the 
relation 


(S) (t, — = (4 — + (A — 


where #1, f2, ts are the complex numbers assigned to the triangle with which all 
the constructed triangles are directly similar. One can easily show that these 
vertices v; satisfy the condition for a positive m-gon of the M type, if the vertices 
of the original polygon do. A similar state exists if all the triangles be con- 
structed internally; in both cases the centroids of the constructed m-gons co- 
incide with the centroid of the given n-gon of the M type. 


§2. The condition that two polygons of m sides A:,; and X; (¢=1,2,---,n) 
be directly similar is that two be the rank of the matrix 


By methods similar to those in the preceding section one can prove the two 
following theorems: given two polygons A,,; and Az,; both directly similar to the 
polygon X; (i=1,2,---,m), then the points which divide the n segments A,,;A2.; 
(t=1, 2, - m) in the ratio forma polygon directly similar to X;; and given 
three polygons A,i, Az,i, A3,; all directly similar to the polygon X;, then the cen- 
troids of the n three-points A,,:A2,:A3,i(t=1, 2,---, m) likewise are a polygon 
directly similar to X;. 

Let us close with a proof of this theorem: if we are given n polygons A,.. 
(r,s=1,2,---,m) all directly similar to a polygon X ,, so arranged that the points 
A,, and A, both form polygons directly similar to X,, then the points A,., 
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A,4,° °°, Arn likewise form polygons directly similar to X,. I shall prove this 
for the points A,,3 only, in order to keep the notation and method concise; the 
argument is perfectly general. By virtue of the assumptions in the theorem, 
every determinant, for k=3,4,---,n, 


Gk,2 


Xe x3 = 0 
1 1 1 
Hence 
(6) — = (%2 — + — 2. 
But 
7) — = — + (Xe — 


— = (X2 — + — 


Substituting the values for a;,; and a;,2 from (7) in (6) and simplifying the re- 
sulting equation, leads to 


(8) (x2 = (x2 1,3 + = %1)d2,3 
or 
&,3 k,3 
Xe Xk = 
1 1 
for k=3,4, - - - ,m; whence the polygons A,,3 and X, are directly similar. 


In the special case of similar triangles the algebra can also be interpreted to 
give us this theorem: if A1BiC, and A2B2C; are two directly similar triangles in the 
plane, if we construct A\A2A3, B,B2B; and C,C2C; directly similar to the two given 
triangles, then A3B3C; 1s itself directly similar to the other triangles. 

Further, if we consider the special case of regular polygons, for n=3 there 
results my former theorem on equilateral triangles; for n=4 we have given 
four positive ordered squares of any size or position in the plane, if we move them 
about so the four vertices marked 1, and the four vertices marked 2 form squares, 
then likewise will the four vertices marked 3 and the ones marked 4 form squares. 


EVALUATION OF TRIGONOMETRIC INTEGRALS 


s ON THE EVALUATION OF CERTAIN TRIGONOMETRIC INTEGRALS 
By J. A. BuLvarp, University of Vermont 


Instead of using a reduction formula to evaluate the integral 
a 
f sin™ x cos" x dx, 
0 


it is often easier to express the integrand as a series of sines or cosines, as the 
case may be, of multiples of x and then to evaluate the integral. 


First, 
1 
cos" x = + e~iz)n nC 
2* 
1 n 
= > »Calcos (n — 2h)x + isin (nm — 2h)x] 
h=0 
=— .Cicos (m — 2h)x. 
Then 
1 
cos*? = 22 > cos 2(p — h)x + ay 
277 
1 
= cos (2p — 2h + 1)x. 
Similarly, 
1 
sin?? x = 1)? n(— 1)* cos 2(p — h)x + ay 
h=0 
(— 1)? 
sin2?t! = ap+1Ca(— 1)" sin (2p — 2h + 1)x. 


h=0 


The general case is of most interest. 


—(e' — iz) (eis e~ iz)n 


sin™ x cos” x 


2"(2i) 
1 


m n 


aha nC s—a(— 1) 
2"(2i)™ 
1 m+n 


> Ar [cos (m+ n— 2s)x+ isin (m+n —2s)x}. 
2"(22) s=0 


where A;" denotes the s-th difference of the m-th order formed from ,C;,(k =0, 
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Then 


(— 1)? 
sin?? x x = 


(— 1)? 
sin?? x cos*¢t+! x = 
22pt2q 


(+ 
sin??+! y cos*4 x = 


( 1)? 
sin??t! x cos*¢tly = 
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- ,m); that is, A} =,C,—nC,1, A? =A} —Ay_1 = nC, ete. 


pt+q-1 


2 >> A’ cos 2p + 


s=0 


pt+q 


> A?” cos (2p + 2g — 2s + 1)x, 


s=0 


p+q 


> Att! sin (2p + 2g — 2s + 1)x, 


s=0 


ptqtl 


> sin 2(p +g —s+1)x. 


s=0 


For example let us express sin‘ x cos® x as a series of functions of multiples of x. 
6 
A: 5 
As: 4 
2 


15 6 
> 
—4 


- 


AS: 
Ais 


1 
sin‘ x cos* x = |2(cos 10x + 2 cos 8x — 3 cos 6% — 8 cos 4x + 2 cos 2”) + 12]. 


The above scheme for computing the coefficients I have recently found in De 
Morgan’s Trigonometry and Double Algebra (Chapter V), but formulas for the 
general case are not given there and I have not found them elsewhere. 

The following integrals are now readily written: 


— 1)? p+q-1 in 2 


sin?? x cos*4 adx = +A 
0 22pt2q q-s 


sin (2p + — 2s + l1)a 

2p + — 2s+1 
on 2p + 2q — 2s +1 
apts hav +q—s+t+ 


s=0 


(— 1)? 
sin?? x cost! xdx = 
per 


(= 1)? 
sin2?+! cos?4 xdx = 


a 
0 
a 
J Q2p+2q—-1 
0 


Q2p+2q+1 


sin??t! xdx = 


| 
|_| 
Thus 
Ai = 1, At = 2, At = — 3, At = — 8, At = 2, Af = 12, 
and 
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It should be noted that these integrals are forms of the Beta-function, 


m+ 1 n+1 

2 2 
mt+n-+2 
T 

2 


m+t+1n+i1 
2 2 


when a=77/2. 


A METHOD OF SOLVING NUMERICAL EquatTIons! 


By S. A. Corey, Des Moines, Iowa 


Many iterative methods of solving algebraic equations have already been 
given in the literature on the subject, but the following method seems to con- 
tain some points of novelty and merit worthy of attention. 

Let f(y) =0 be a numerical equation having a root y,; and let $(y, x) be 
f(y) +(1—x)(Cy+D) where C and D are constants. Now let a be an approxima- 
tion to the root y,, and let f(a) =A, f’(a) =A, f(a) =A;. Choose C so that 
2C?+2A:C+AA2=0, and D so that A+Ca+D=0; and we then have 
¢(a, 0) =0. Let us further suppose that at the point (a, 0) 0¢/dy #0, that is, 
A,+C#0, and that the equation ¢$(y, x) =0 defines y as an analytic function of 
x in a circle about «=0 and including x =1. For x=1 we will then have y=. 
By the usual procedure for implicit functions we find the values of the succes- 
sive derivatives of y with respect to x at x=0, y=a to be 


dy —A(2C? + 2A,C + AAs) d*y 
dx A,+C dx? (4, +) 


dx? (A, 


Hence the Maclaurin expansion for y in the neighborhood of x =0, y=a is 
A 


2 
(2) y=a Lie 


Putting x =1, we have, approximately, 
A A8A; 


3 
(8) A+ Odi 


But for the purpose of computation (3) may be better written in the form, 


(4) yi = a— E+ (E‘A;)/(6A) + 


where 


1 This paper was presented to the Iowa Academy of Science, Mathematics Section, at its meet- 
ing held at Davenport, Iowa, May 1st and 2d, 1931. 
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Ay (A? — 
E= , 
A, 


the ambiguous sign to be so interpreted as to make the modulus of E as small 
as possible. 

To illustrate the rapid rate of convergence obtainable in certain cases let us 
take the old familiar equation, 


— 2y—5=0. 


Letting a=2.1 we get A=.061, A,=11.23, A.=12.6, As=6 and E=.005,- 
448 532,9, so that by substituting in (4) we get 


y1 = 2.1 — .005,448,532,9 + .000,000,014,4 = 2.094,551,481,5, 


correct to the last figure. 

For greater accuracy the same process may be repeated employing a more 
accurate value of a. 

The method may be used to calculate real as well as imaginary roots to al- 
most any degree of accuracy, and applies also to transcendental equations. 
Logarithms may usually be employed to advantage. 

A little care must be used when A,=0 as E then becomes 0/0; but in that 
case (3) may be employed, taking C=0. 

As transcendental equations are not solvable by Horner’s method, Newton’s 
Rule and the Regula Falsi are largely relied on to furnish solutions of such 
equations. The following example is added to further illustrate the use of the 
foregoing method by solving the transcendental equation, sin y—}=0, the cor- 
rect value of y; in this case being 7/6. 


Let a=}, we then get 


A sina— .5 = — .020,574, 461,396 

Ai= cosa = .877 , 582,561,891, = — As, 

A, = — sina = — .479,425,538,604, 

cosa — (1 + sin? a — sin a)!/? 
-—-E= = .023,596,562,6 
sin a 

(E*A3)/(6A) = .000 ,002 , 206, 
a = 
sum = . 523,598 , 768 ,6 
1/6 = .523,598,775 ,6 
error, = .000 ,000 ,007. 


To attain still greater accuracy a more accurate value of a may be employed, 
e.g., .5236. 
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A NOTE ON TRIGONOMETRIC ALGEBRAIC NUMBERS 
By D. H. Leumer, Altadena, California 


In connection with some of his researches in the theory of partitions, Pro- 
fessor E. T. Bell has met with the following problem: 

To find all angles commensurable with 27 whose sine (or cosine) is an alge- 
braic number of given degree. 

Although no explicit general solution of this problem can be expected, since 
it depends as we shall see on the inverse of the celebrated totient function of 
Euler, nevertheless the inverse of the problem (in which the angle is given and 
the degree of its sine is required) can be completely solved in terms of known 
functions. By merely tabulating these results a solution of the original problem 
is obtained. From this point of view the solution may be derived from certain 
treatises by Sylvester, Kronecker, and others. However it is possible to give a 
quite elementary treatment of the problem. 

We recall that if an irreducible polynomial x"+ - - - has rational coefficients 
its roots are algebraic numbers of degree m. In particular if the coefficients are 
integers the roots are algebraic integers. If @ is commensurable with 27, one of 
these polynomials will be found to have the root 2 cos 6. In fact we shall prove 

Theorem 1. Let r=k/n, where »>2, be a rational number with the integers 
k and n relatively prime. Let! ¢(m) be the number of integers less than m and 
relatively prime to m. Then 2 cos 27r is an algebraic integer of degree ¢(m)/2. 

Proof: From the identity 


x” + = (x + + (x°-? x 


follows the familiar fact that x”+-x-” can be expressed as a polynomial in 
x+x—! with integer coefficients, the first being unity. The same type of expres- 
sion can be found for x~™f(x) where f is a symmetric polynomial x"+ax"—! 
+ +++ -+ax+1. Now the polynomial Q,(x) whose roots are the primitive m-th 
roots of unity (and whose leading coefficient is unity) is just such a polynomial 
as f(x), since its roots occur in reciprocal pairs. Hence there is a polynomial y,(¢) 
such that 


(1) a-4Q,(") = + 27) 


where d is the degree of y, and half that of Q,. If possible, let h(x) be a poly- 
nomial with rational coefficients which divides y,(x). If in (1) we replace y, 
by / there is determined uniquely a polynomial g(x) with rational coefficients to 
take the place of Q,. But g(x) having a root in common with Q,(x), will be a 
factor of Q,(x) contrary to the fact, proved by Kronecker? and others, that 


1 For the very simple properties of Euler’s ¢-function needed in what follows, the reader may 
consult any book on the theory of numbers. For facts concerning its inverse see Dickson’s History 
of the Theory of Numbers. A small table in Lucas’s Théorie des Nombres, p. 395, and a large one by 
Carmichael in the American Journal of Mathematics, vol. 30, pp. 394-400 may be of interest. 
2 See, for example, Kronecker: Journal de Mathématique (1), vol. 19, (1854), pp. 177-192. 
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Q,(x) is irreducible. In short y, is irreducible. Now since the fraction r=k/n 
is in its lowest terms, Q,(x) will have the root e**/" and from (1) yw, has the root 
e?tikin 4 e-2rik/n = 2 cos 2mr. Hence this quantity is an algebraic integer of degree 
d. To find d we observe that Q,(x) has as many roots as there are proper frac- 
tions j/n in their lowest terms. This is the number of integers j<m and prime 
to n, represented by ¢(m). Hence the degree of 2 cos 277 is precisely d= (mn) /2. 

For sines we have the following result. 

Theorem 2, The fraction r=k/n being in its lowest terms, the quantity 2 
sin 27r is an algebraic integer of degree ¢()/2 or ¢(m) according as 7 is or is not 
a multiple of 4. 

Proof. In fact we have 


2 sin 2rr = 2 cos 2x(r — 4) = 2 cos 2n(4k — n)/4n. 


Hence, by Theorem 1, 2 sin 277 is an algebraic integer. Let its degree be 6. 
Three cases now arise in considering the fraction (4k—n)/4n occurring in (2). 
Since k is prime to n, either this fraction is in its lowest terms or else it may be 
reduced to an equal fraction in its lowest terms with the denominator 2n or n. 
These cases occur when 7 is odd, twice an odd number, or a multiple of 4 re- 
spectively. Applying Theorem 1 in each case we find that 6=@(4n)/2=¢(4) 
o(n)/2=(n) in the first case; 6=o(2n)/2=¢(n) in the second case; and 
6=¢(n)/2 in the last case. Hence the theorem. 

It follows from these theorems that if the ordinary table of natural trigo- 
nometric functions could be given exactly, each entry would be an algebraic 
number. Thus sin 5° 46’ 31” is an algebraic number of degree 345,600. If we 
increase this angle by 83/187 of a second we obtain an algebraic number of 
degree 160. The numerator k of the fraction 7 is not involved in the degree of 
sin 27r or cos 27r except that it must be prime to m. Hence our problem may be 
reduced to finding all integers for which the sine or cosine of 27/n is an alge- 
braic number of given degree. The following table gives these values of for 
the first 7 values of d. 


Sines Cosines 
d n d n 
21 3,6,8; 42 2) 3,8, 82 
3 | none 
4 | 5, 10, 16, 20, 24 4 | 15, 16, 20, 24, 36 
5 | none | 22 
6 | 7, 9, 14, 18, 28, 36 6 | 13, 21, 26, 28, 36, 42 
7 | none 7 | none 
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REMARKS ON THE MATHEMATICS OF FINANCE 
By MEYER SALKOVER, University of Cincinnati 


During the past school year, I had occasion to give a course in the mathe- 
matics of finance, a subject with which I had been unfamiliar. This experience, 
combining the standpoints of teacher and student, led me to form certain opin- 
ions regarding presentation which possibly might interest others. My notation 
is that of Crenshaw, Pirenian and Simpson, The Mathematics of Finance 
(Prentice-Hall, 1930). 

I. Amortization. As presented in all texts accessible to me, the derivation of 
the formula for the periodic payment to amortize a debt is followed up by a 
bookkeeping device called amortization schedule. This is a scheme for exhibit- 
ing, in columns, the outstanding principal at the beginning of each conversion 
period, the interest incurred during the period, the amount of each payment, the 
part of each payment applied to the reduction of principal and the total reduc- 
tion of principal to date. Since, once the periodic payment has been figured, the 
work in drawing up an amortization schedule involves only simple arithmetic of 
a repetitious sort, students take kindly to this procedure. 

But if the problem is put: Without making a schedule, find how much of the 
debt remains unpaid just after the pth payment, there is apt to be trouble. Of 
course the texts explain that the problem simply calls for the present value of 
the annuity constituted by the remaining m— p payments. This point, however, 
appears a bit subtle to the student because he has not fathomed the connection 
between amortization schedule and annuity theory. 

I would suggest that an amortization schedule be drawn up in algebraic form 
for the case of a debt A, the periodic payment being R=A/a;z;. By induction 
from the tabulated entries one finds—and the result is capable of immediate 
interpretation in terms of compound interest formulas—that the debt just after 
the pth payment is 

A(1 + i)? — + — 1)/i 
which reduces to 

and this is exactly the present value of the remaining payments. I believe that 
by tactics of this nature there is a possibility of unifying the bookkeeping and 
algebraic points of view, and of clarifying the latter. 

Il. Amortization of Premium. The idea of amortization of premium is rather 
obscure because the student cannot see how it fits in with the process called 
amortization of a debt. The fact is that the word amortization as applied to bond 
premiums has quite another meaning though the texts, addicted as they are to 
accounting terminology and practice, fail to bring out the distinction. Even 
aside from the matter of nomenclature, however, it seems to me that a different 
treatment, also applicable, of course, to accumulation of discount, is indicated. 


168 REMARKS ON THE MATHEMATICS OF FINANCE [March, 


If F is the face value of a bond redeemable at par, 7 the yield rate, and R the 
amount of each dividend, and the bond is bought at a premium P, this is given 
by the formula 

P = (R — Fi)a\ 


nit 


while the purchase price is 
V=F+P=F(+ i)-"+ 


By substituting for F from the second of these formulas into the first and making 
use of the relation 


and the definition of s—. one finds 


nit 
P = (R — iV)s— 


nii? 


an illuminating formula which the texts are not justified in ignoring. 

The interpretation of this result is plain. R—7V is the excess of each dividend 
over the expected return on the investment V at the yield rate 7. If these excesses 
are accumulated for the term of the bond at the yield rate, they will, as the re- 
sult signifies, in the end amount to the premium P, and when the bond is re- 
deemed the investor will be in possession of P+ F which is V; his capital will 
thus be intact. The excesses R—iV, then, are the regular contributions that 
must be made to a sinking-fund created by the investor who does not want his 
capital impaired by the declining book value of the bond. It is easily shown 
that che size of the sinking-fund just after a dividend plus the book value of 
the bond at that time (under unchanged market conditions, of course) equals 
the original purchase price. If the premium were really amortized in the tech- 
nical sense of the word, instead of P=(R—iV)s—,; we should have P=(R-iV) 
a;;;, which latter relation is not true; then why not face the issue squarely and 
call the accumulating fund a sinking-fund and not an amortization fund? For 
the so-called amortization of premium is in every way analogous to the sinking- 
fund method of providing for the depreciation of an asset. 

III. Annuities: General Case. When the interval between periodic payments 
does not agree with the conversion period, all texts I have seen except one! set 
up an algebraic machinery much too elaborate for the usual types of problems. 
The use of heavily indexed symbols and much harping on “installments” and 
nominal and effective rates of interest serve only to bewilder the student. With 
reference to ordinary annuities, the situation so far as the solution of actual 
problems goes may be summed up as follows: 

Case I. The interval between payments R consists of p conversion periods, the 
interest rate being i per conversion period. Here the given annuity can be replaced 
by an equivalent one of payment R’=R/sz, at intervals coinciding with the 


1C. H. Forsyth: Introduction to the Mathematical Theory of Finance, Wiley, 1928. 
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conversion periods, because the condition to be satisfied is that p payments of 
R’ accumulate to R. 

Case II. There are p payments R in one conversion period. That is, the interval 
between payments is 1/p conversion periods. If the validity of compound in- 
terest for a fraction of a conversion period is granted, then-automatically all 
compound interest functions are defined for fractional as well as integral ex- 
ponents. In particular, the equivalent annuity would here consist of payments 
R’ = R/s7p at intervals coinciding with the conversion periods. Replacing the 
symbol by its exponential expression, one obtains 


R’ = Ri/[(1 + i)" — 1] = Rpi/p[(1 + i)? — 1] = Rosy? 


where the last factor for various values of p and i can be looked up in tables. 
When the given annuity is replaced by the equivalent one, the problem in 
which it figures is correspondingly reformulated and readily solved. 


RECENT PUBLICATIONS 


EpITEp BY RoGER A. JoHNsOoN, Brooklyn College of the City of New York 


All books for review should be sent directly to the editor of this department, at Brooklyn College, 
66 Court Street, Brooklyn, N. Y., and not to any of the other editors or officers of the Association. 


REVIEWS 


Integralgleichungen unter besonderer Beriicksichtigung der Anwendungen. By G. 
Wiarda. Leipzig, B. G. Teubner, 1930. 183 pages. 


This book deals with the linear integral equation of the second kind and the 
corresponding homogeneous integral equation. The author treats the classical 
theory of this equation from the point of view of Schmidt’s theory. No new re- 
sults are obtained in this work although many of the proofs given for the clas- 
sical theorems are ingenious. 

In the brief introduction and the first chapter the author states the problem 
and the assumptions made on the given functions of the integral equation. These 
assumptions are not clearly stated by the author. As a consequence a beginner 
in the subject may have a little difficulty in this respect. Most of the first chapter 
is devoted to the discussion of the vibrating string and how integral equations 
arise from its consideration. 

In the second chapter the author develops the Schmidt theory for the 
symmetrical integral equation. It is in this chapter particularly that the begin- 
ner may have difficulty in understanding just what the assumptions are which 
the author imposes on the given functions. Some of the assumptions not explic- 
itly stated or sufficiently emphasized are that Riemann or Lebesgue integration 
may be used; the given functions may be bounded or unbounded, measurable, 
integrable and of integrable square. The proofs of the theorems are given in 
detail. There are three exceptions. In each of these exceptions part of the proof 
of the theorem depends on the following type of argument; if A(s) is a real 
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function and /.°h?(s)ds =0 then h(s)=0. In each of these cases the author omits 
the details of the proof that allows him to conclude that h(s) =0. This may con- 
fuse the student regarding the assumptions used. 

Chapter three deals with applications of the preceding theory to a problem 
on heat and a problem on the bending of a beam. A brief treatment of the Sturm- 
Liouville differential equation is also given. 

In chapter four the author considers the linear integral equation of the 
second kind with the unsymmetrical kernel. He bases the treatment of this 
integral equation on the previous theory developed for the symmetrical kernel. 
A brief discussion is given at the end of this chapter to the application of the 
theory of the unsymmetrical kernel to a problem in potential theory. 

Finally in the last ten pages of the book the author gives a brief discussion 
of the Fredholm method for solving the integral equation of the second kind. 

This book in the opinion of the reviewer is not suitable as a textbook for 
classroom use. Aside from the physical applications incorporated in the text 
the author uses very few examples to illustrate the theory. No problems are 
given for the student to do. The assumptions the author imposes on the given 
functions of the integral equation are not fully and properly emphasized. Fi- 
nally, the book is restricted to just one type of integral equation. 

There are few misprints in the text and these are quite obvious. 

L. J. PARADISO 


Elementary Mathematics from an Advanced Standpoint. Arithmetic, Algebra 
Analysis. By Felix Klein. Translated from the third German edition by 
E. R. Hedrick and C. A. Noble. New York, The Macmillan Company, 1932. 
ix +274 pages, 125 figures. $3.00. 


The popularity of the German original, delivered as a course of university 
lectures in 1908, is attested by the fact that it ran through three editions and 
still has an extensive sale. 

A work of this kind can be successful only when the author has a comprehen- 
sive knowledge of the whole field of mathematics, and the skill to explain the 
essential features without a mass of detail. In both of these capacities, Professor 
Klein was probably better fitted than any other person then living. 

In each chapter, two questions are considered; first, what is the status of our 
present knowledge of the subject, and second, what effect should this knowledge 
have on school instruction. In the first chapter, that on arithmetic, the growth 
of the concept of number is told in a fascinating way, supplemented by a de- 
tailed description of calculating machines (as of 1908), and of hypercomplex 
number systems, in particular of quaternions. The problem in algebra is the 
solution of the algebraic equation. By means of the regular body forms equations 
of degree m not greater than four are reduced to pure equations x" =c, and it is 
shown that the general quintic can not be so reduced, but can be solved in terms 
of elliptic modular functions. 
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The chapter on analysis discusses logarithmic and trigonometric functions. 
The discussion includes an extensive history and explanation of tables, and 
shows the intimate relation between the two kinds of functions. A section on 
spherical trigonometry gives a rapid survey of the Study group defined by three 
diameters of a sphere. Trigonometric series are used to approximate various 
functions in a strikingly direct and convincing manner. 

A chapter on the elements of the calculus includes the derivative, integral, 
Taylor’s series and a careful criticism of pedagogical principles. An appendix 
furnishes a detailed proof of the transcendency of e and of z, and an intro- 
duction to the theory of assemblages. 

The translation, the printing and the proof reading have been excellently 
well done. The only error (perhaps not typographical?) noticed that might 
cause confusion is the use of the word surface on pages 178, 179. 

The book is supplied with a generous number of citations to original sources, 
and to other books containing more details of proofs. As these are largely 
German, one might be tempted to ask why the translation of the book under 
review? 

During the last quarter of a century there has been a universal effort to 
improve the quality of teaching in the elementary and secondary schools. 
Whenever a change is made in this country in the curricula for the training of 
teachers, it has been in the direction of more “education,” pedagogy and 
psychology, always at the expense of further courses in subject matter. The 
results are already apparent; for the grade schools the new method is an im- 
provement, but for high schools, especially the last two years, it is lamentably 
deficient. However desirable the other things may be in themselves, for a teacher 
of mathematics nothing has yet been discovered to replace a knowledge of 
mathematics. May the present volume take its place in American and English 
schools, to extend the service it has so admirably rendered in Germany. 

VIRGIL SNYDER 


Determinanten. (Sammlung Géschen) By Paul B. Fischer. Berlin and Leipzig, 
Walter de Gruyter and Co., 1932. 136 pages. RM 1.62. 


This small volume contains an excellent development of the usual theorems 
on determinants; the application of determinants to the solution of linear equa- 
tions; illustrations of their use in algebraic geometry and some of their special 
forms. Among the special forms briefly discussed are Vandermonde’s Deter- 
minant, symmetric, skew-symmetric, pseudo-symmetric and reciprocal deter- 
minants, in addition to the Hessian, Jacobian, resultant and discriminant. Ow- 
ing to the scant mention of matrices, the treatment of linear equations lacks the 
usual theorems on linear independence and the case of m equations in m un- 
knowns. 

L. T. MoorE 
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MATHEMATICS CLUBS 


EpiTEep By F. M. WemnA, The George Washington University, Washington, D.C. 


All reports of club activities and topics for club programs and, material of interest to clubs should 
be sent to F. M. Weida, The George Washington University, Washington, D.C. All manuscript should 
be typewritten, with double spacing, and with margins at least one inch wide. All club activity manu- 
scripts for the academic year 1932-1933 should be submitted for publication not later than June 1, 1933. 


CLUB ACTIVITIES 
1931-1932 
THE PI MU EPSILON MATHEMATICAL FRATERNITY 


Pi Mu Epsilon is an academic fraternity in institutions of university grade. Its primary aim 
is the advancement of mathematics and scholarship. It is a living, active, working fraternity of 
scholars in which the members are engaged in study and research and the exchange of ideas in the 
field of mathematical science. 


Pi Mu Epsilon of Washington University 


Greetings and best wishes to all chapters! The Missouri Beta chapter reports a very successful 
year under the following officers elected at the meeting held on May 16, 1931: Elizabeth Harris, 
Southwestern Bell Telephone Company, Director; Bayard R. Brick, Instructor in Mathematics, 
Vice Director; Jessica M. Young, Assistant Professor of Mathematics and Astronomy, Secretary; 
Charles O. Quade, Graduate in Civil Engineering, Assistant Secretary; Ross R. Middlemiss, As- 
sistant Professor of Mathematics, Treasurer; William E. Stephens, Senior in College of Liberal 
Arts, Librarian. 

The student members of the Executive Committee were: Jessie Best, Senior in College of 
Liberal Arts; Cecilia Lehmann, Senior in College of Liberal Arts; Richard Singer, Senior in College 
of Liberal Arts; Richard Torrance, Senior in Civil Engineering. 

There were fifty six active members during the year 1931-1932. Thirty-three new members 
were initiated on April 16, 1932, distributed as follows: From the College of Liberal Arts—twelve; 
Schools of Engineering and Architecture—twenty; School of Graduate Studies—-one. 

Ten meetings were held during the year as follows: 

October 7, 1931: 8:15 p.m. Regular program meeting, 319 Rebstock Hall. “What isa Sumner line?” 
by Professor H. R. Grummann; “Making the Sun’s shadow move backwards” by Professor 
E. Stephens; “What is sampling?” by Professor P. R. Rider; Refreshments. 

November 10, 1931: 8:15 p.m. Regular program meeting, 319 Rebstock Hall. “A few pages from the 
History of Mathematics” by L. G. Starrett; “The remainder in Taylor's series” by W. C. 
Guse; Refreshments. 

December 7, 1931: 8:15 p.m. Regular program meeting, 319 Rebstock Hall. “A tensor notation as 
developed from determinants” by Cecilia Lehmann; “Some simple nomographs” by P. M. 
Arnold; Refreshments. 

January 6, 1932: 8:15 p.m. Regular program meeting, 319 Rebstock Hall. “Report on the New 
Orleans Convention” by Professor E. Stephens; “Some illustrative examples in variational 
methods in the solution of problems in Mechanics” by Sol Gleser; Refreshments. 

February 9, 1932: 8:15 p.m. Regular program meeting, 319 Rebstock Hall. “New Ways of measur- 
ing time” by W. M. Yates; “Extracts from the History of Mathematics” by A. S. Langsdorf, 
Jr.; Refreshments. 

March 7, 1932: 8:15 p.M. Regular program meeting, 319 Rebstock Hall. “The Auto-Giro” by W. A. 
Langtry ; “Electrical analogues in solving mechanical problems” by H. E. Zeffren; Refreshments. 

March 16, 1932: 4:00 p.m. Business meeting, 221 Brookings Hall. Election of new members; Unani- 
mous election of W. O. Pennell to Honorary Life Membership. 


172 


1933] MATHEMATICS CLUBS 173 


March 23, 1932: 8:15 p.m. Special meeting. 112 Wilson Hall. An open meeting held in conjunction 
with the Academy of Science of St. Louis. Mr. W. O. Pennell, Chief Engineer of the South- 
western Bell Telephone Company, gave a popular lecture on “A thousand mile telephone 
cable from mathematics to reality.” The lecture was illustrated with lantern slides, moving 
pictures and exhibits. About two hundred attended the lecture and the reception following. 

April 16, 1932: 6:30 p.M., Initiation, Women’s Building, Alumnae Room. 7:00 p.M., Banquet, 
Cafeteria. 8:00 p.M., Program, Lounge: “A rotating magnetic field” by A. S. Langsdorf, Dean 
of the Schools of Engineering and Architecture and Director of Industrial Engineering and 
Research. 9:15 p.M., Social gathering. 

May 14, 1932: 8:15 p.m. Business meeting and social gathering, Women’s Building, Lounge. 
Presentation of Honorary Life membership to Walter Otis Pennell “in appreciation of his un- 
tiring efforts and faithful service to the fraternity.” “The Chapter recognizes him as one of its 
most distinguished members and hopes that he will continue to inspire its younger members 
with enthusiasm as he has during the past years.” Treasurer’s report. Election of officers for 
1932-1933. 


Jessica M. Youne, Secretary 


Pi Mu Epsilon of The Ohio State University 


The officers for the year 1931-1932 were: F. M. Brooks, Director; J. W. Suckau, Vice Director; 
Brandon Rightmire, Treasurer; L. E. Bush, Secretary. 

A new election of officers will take place May 27, 1932. The Chapter has at present 44 active 
members. A class of 16 candidates was initiated May 16, 1931 and a new class of 13 candidates is 
to be initiated May 27, 1932. 

The Chapter has held its meetings throughout the year in conjunction with the Graduate 
Mathematics Club of The Ohio State University. Meetings have been held about twice a month 
at which papers were read by members of the two organizations and by members of the mathe- 
matics faculty. Besides these regular meetings we have had two visiting lecturers. 

Professor Louis Brand of the University of Cincinnati spoke on “Boundary value problems of 
the Sturm-Liouville type.” Dr. S. Saks of the University of Warsaw, Rockefeller International 
Research Fellow, gave a series of three lectures on the subjects: “The existence of singularities on 
the basis of the Baire theory;” “The integral of Denjoy;” and “The classical method of integra- 
tion of the nineteenth century.” 

L. E. Busn, Secretary 


LOCAL MATHEMATICS CLUBS 


The Mathematics Club of the University of Virginia 


The Echols Mathematics Club of the University of Virginia was organized October 13, 1931 
to “promote better fellowship among its members and to foster a wider interest in the subject of 
Mathematics at the University of Virginia.” Its membership is composed of graduate students and 
officers of instruction in mathematics, and those students of the College who show a marked pro- 
ficiency in this field. The club meets on the second and fourth Thursdays during the school year. 

The officers for the session of 1931-1932 were: J. W. Givens, Jr., President; W. T. Puckett, Jr., 
Vice President; T. L. Wade, Jr., Secretary-Treasurer. 

The meetings and programs were as follows: 

October 13, 1931: Organization. 

October 29, 1931: “The square root of a number by means of sequences” by Professor W. H. Echols. 

November 12, 1931: “Continued fractions” by J. W. Givens, Jr. 

December 3, 1931: “A system of co-ordinates for three dimensional space consisting of one real and 
one complex number” by Professor J. J. Luck. 

January 14, 1932: “Non-Euclidean geometry” by T. L. Wade, Jr. 

January 28, 1932: “Sequences” by Professor B. Z. Linfield. 

February 11, 1931: “Some theorems on limits” by W. T. Puckett, Jr. 
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February 25, 1932: “Attempted trisections of the general angle” by Irving Lindsey. 
April 14, 1932: “The integral solutions of equations of the first and second degree in two variables” 
by W. M. Aylor. 
April 28, 1932: “Finite differences” by Professor E. J. Oglesby. Election of officers for 1932-1933, 
May 12, 1932: “Problem of the one and many in Mathematics and Physics” by Professor F. S. C, 
Northrop of Yale University, visiting Professor of Philosophy. 
A short social meeting is held in connection with each regular meeting of the club. 
T. L. WapbE, Secretary 


The Mathematics Club of the Oshkosh State Teachers College 


The club was organized by Dr. May Beenken in February, 1931. Membership is restricted to 
those who have completed at least one year of college mathematics. 

The purpose of the club is to promote interest in the study of mathematics, and to afford an 
opportunity to study certain interesting matters connected with mathematics that do not find a 
place in the usual class discussion. 

The officers for the year 1931-1932 were: Marie Conrad, President; Florence Zelinske, Vice 
President; Emma Huffman, Secretary-Reporter; Hugh Williams, Treasurer. Dorothy Mortson 
was elected President the second semester to take the place of Marie Conrad who graduated. 

Many interesting programs were given during the year. The programs presented were: 
October 5, 1931: “Number lore” by Fred Moes; “Solution of the cubic equation” by Loretta Golz. 
November 2, 1931: “Magic Squares” by Rose Schlegel, “Sir Isaac Newton” by John Wrage. 

Several questions which had been distributed from our “Question Box” were answered. Among 

the questions answered were: “What are Napier’s Bones”? “Why are logarithmic tables made 

with base e?” “What is Pascal’s triangle?” 

December 7, 1931: “The contribution of the Greeks to geometry” by Ramona Paddock, “The foun- 
dations of Euclidean geometry” by Alton Davis. 

January 11, 1932: “Fundamental propositions in algebra” by Dorothy Mortson; “The life and work 
of Kepler” by Hugh Williams. One of the questions answered from the “Question Box” was: 
“What proposition in plane geometry is known as ‘Pons Asinorum’”? 

February 16, 1932: “René Descartes as a mathematician and philosopher” by Irene Timm, 
“Cryptographs and Ciphers” by Gordon Kester. 

March 7, 1932: “Nine-point circle” by Vailor Dumdie, “Our coordinate systems” by Rita Schuttler. 

April 25, 1932: “Number concept, its origin and development” by Nina Kachur, “The duodecimal 
system and other bases” by Louis Gardipee; “Tests for the divisibility of numbers from 2 to 
13 inclusive” by Fred Moes. 

May 9, 1932: An enjoyable evening was spent at a party given by the faculty of the mathematics 
department at the home of Professor Irene Price. 

May 27, 1932: The annual picnic was held at the home of Bertram Lyngass on the shores of Lake 
Winneconne. 

HuFFMAN, Secretary-Reporter 


PROBLEMS AND SOLUTIONS 


EpiTep By B. F. FInKEL, Otto DuNKEL, H. L. OLSEN AND W. F. CHENEY, JR. 


ELEMENTARY PROBLEMS 


Send all communications about Elementary Probleris to W. F. Cheney, Jr., Dept. Box 35, Storrs, 
Conn. 

The Department of Elementary Problems and Solutions in the Monthly welcomes problems 
believed to be new, and demanding no tools beyond those ordinarily furnished in the first two years 
of college mathematics. Problems may be submitted unaccompanied by their solutions. Solutions 
for different problems should be submitted on separate sheets of paper. 
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PROBLEMS FOR SOLUTION 


E 26. Proposed by H. T. R. Aude, Colgate University. 
All proper rational fractions in lowest terms can be separated into two 
classes: 
1. Those in which the numerator and denominator are both odd. 
2. Those in which the numerator and denominator are not both odd. 
Show that for any fraction F in one class there is just one corresponding fraction 
F’ in the other such that arctan F+arctan F’ =7/4. 


E 27. Proposed by E. P. Starke, Rutgers University. 

Derive the algebraic formula for the sum of m fractions whose numerators 
are in arithmetic progression and whose denominators are in geometric progres- 
sion. 

E 28. Proposed by H. D. Ruderman, Brooklyn, New York. 

Given m marbles of which m, are of a first color, mz of a second color, m; of 
a third color, and so on to m, of an n-th color, all arranged in a circle. Determine 
the number of different arrangements possible if we can start from any point 
and move in either direction around the circle. 

E 29. Proposed by J. Rosenbaum, Milford, Connecticut. 

The faces of a tetrahedron are congruent triangles whose sides are a, b and c. 
If 2S=a?+b?+c?, show that the volume is [(.S—a?)(S—b?)(S—c?) ]"/2/3. 

E 30. Proposed by W. F. Cheney, Jr., Connecticut State College. 

The arithmetic mean of NE Dand SA S His SH U N. Their geometric 
mean is S E N D and their harmonic mean is S E E D. Assuming that the seven 
letters here involved represent different digits, identify them. 

SOLUTIONS 


E 6. [1932, 547]. Proposed by W. R. Ransom, Tufts College. 


This construction was given in 1525 by Albrecht Diirer, the great engraver, 
for a regular pentagon, ABCDE, and it is still given in books on mechanical 
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drawing. The circles are all drawn with the same radius, equal to the given 
length of the side AB, with centers at these points (in order) A, B, Q, C and E. 
Calculate the angle ABC to determine whether this is an exact or an approxi- 
mate construction. 


Solution by E. P. Starke, Rutgers University. 


The construction of the pentagon is only a fair approximation, the error in 

angle ABC being an excess of about twenty-two minutes. 

1. In rhombus ABQR, angle ARQ equals 60°, and RB equals ABy/3. 

2. Since angle PRQ in the right isosceles triangle PQR equals 45°, it follows 
that angle BRC is 15°. 

3. In the triangle RCB we know RB, BC and angle BRC. By the law of sines, 
sin RCB=4/3 sin 15°, whence angle RCB =26°38'2"’ and angle CBR 
equals 138°21'58’’. 

4, Since angle ABR=30°, angle CBA =108°21'58’’. 

Also solved by H. E. H. Greenleaf, C. C. Richtmeyer and the proposer. 

E. 7. [1932, 548]. Proposed by C. O. Oakley, Brown University. 

The following letters represent the digits of a problem in simple addition. 


S EN D 
MORE 


MONE Y 
Solve and show that the solution is unique. 


Solution by W. E. Buker, Leetsdale, Pennsylvania. 
1) Since neither S nor M exceeds 9, MO<19 and M=1. 
2) SE<99 and MO<19, so MON <118, and since no two letters may be 
equal, the letter O must be zero, and S=9. 
3) N=E+1 and so 1 is carried from N+ R. 
4) Since E= N—1, N+-9=E+10, and R=8, and 1 is carried from D+E. 
5) Since S=9 and R=8, Dis7 or less, N is 7 or less and E£ is 6 or less. Then 
D+E=Y+10<14. But if E=6, N=7, D<6and D+ E=10 or 11, both 
of which are impossible. If E were <5, D+ would be less than 12, 
which is impossible. Therefore E=5. 
6) Then N=6 and D=7 and Y=3, so that the addition problem reads 
9567 
1085 


10652 
Since publishing this problem, information has been received that it ap- 
peared in the International Chess Review L’Echiquier (June 1928) Brussels, 
and also in Le Sphinx. Also solved by Mildred Beaty, T. A. Bickerstaff, Mrs. 
Anabel S. Boyce, John Breiland, M. L. Constable, H. E. H. Greenleaf, Arthur 
Haas, L. S. Johnston, Elmer Latshaw, F. L. Manning, W. R. Ransom, Simon 
Vatriquant and Henry Weick. 
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E 8. [1932, 548.] Proposed by O. A. Spies, St. Paul, Minnesota. 


It is required to construct an inscriptible quadrilateral with ruler and com- 
pass, given the lengths of the four sides in order. 


Solution by R. L. Korgen, Bowdoin College. 


In the inscribed quadrilateral of successive sides a, b, c and d, let the diagonal 
from the beginning of a to the end of b be denoted by &, and the angle between 
aand b by q. The angle between c and d is 180° —q. 

1) In the triangle abk, k? =a?+b?—2ab cos q. 

2) In the triangle cdk, k? =c?+d*?+2cd cos q. 

3) Eliminating k?, we have 


2(ab + cd) 


4) Let a+b+c+d=2s, and since tan?}g = (1—cos g)/(1+ cos gq), it is found 
that 


cos g = 


q (s — a)(s — 8) 
tan — = 
2 (s — c)(s — d) 


Construction. 


Y 
M P\x R S Ql N 


) Within the line-segment MN=a+b+c-+d, locate the points P, Q, R 
and S such that MP =a, QN=b, MR=c and SN=d. 
Construct circles on the diameters PQ and RS. 
At O, the midpoint of MN, erect a perpendicular cutting the two circles 
at J and K respectively. 
With O as center and OJ as radius, swing arcs cutting MN at X and Y, 
and draw the angle XK Y. It equals the desired angle g. The remainder of 
the construction is obvious. 


Proof of Construction. 
1) MO=ON=s. PO=s—a, OQ=s—b, RO=s—c, OS=s—d. 
2) Therefore XO=OJ=,/[(s—a)(s—b)], and OK =y/|(s—c)(s—d)]. 
3) Therefore XO/OK =tan 3q, and angle XK Y=q. 
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It should be remarked that interchanging the order of the sides does not 
change the radius of the circumscribing circle. 

Since publishing this problem, information has been received that it is 
solved in Altshiller-Court’s “College Geometry” page 111, and in R. A. John- 
son’s “Modern Geometry” page 82, as well as in this MONTHLY, where it was 
solved [1929, 289] by L. S. Johnson and others. 

Also solved by W. E. Buker, Arthur Haas, E. P. Starke and the proposer. 


E 10. (1932, 548]. Proposed by W. F. Cheney, Jr., Connecticut State 
College. 


The x’s below show the relative positions of the digits in a certain exact 
division. Find the divisor. 


xX xX 


Solution by Simon Vatriquant, L’Athénée Royal d’ Ixelles, Brussels, Belgium. 


It appears from the third subtraction that the second remainder is 1, so 
that the second subtraction, which deducts a three place number from a four 
place number with a remainder of 1, must be 1000-999. Then the divisor, being 
a three place factor of 999, must be 111 or 333 or 999. But the first subtraction 
shows that 999 is impossible because of the three place remainder, and since the 
last product is a four place number, 111 is ruled out. Therefore the divisor must 
be 333, and the quotient is A3003B, where A <3 <B. 

Also solved by T. A. Bickerstaff, Mrs. Anabel S. Boyce, W. E. Burke, Arthur 
Haas, L. S. Johnston, H. R. Leifer, Ethel Mintzer, W. R. Ransom, C. A. Rupp, 
Bernard Zimmerman and the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to B. F. Finkel, Springfield, 
Mo. All manuscripts should be typewritten, with double spacing and with margins at least one inch 
wide. 

Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions.or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


f 
i 


not 
t is 
hn- 
Was 
ser, 


tate 


act 


1933] PROBLEMS AND SOLUTIONS 179 


PROBLEMS FOR SOLUTION 
3601. Proposed by M. Markowitz, Brooklyn, New York. 
Prove or disprove that 


H = [(n — 1) .F, — n(n — 1)FF 2,|/xy, 


where F is a homogeneous function of x and y of order n, and H is its Hessian, 
H= yy— (F 


3602. Proposed by Sigmond Moroh, Brooklyn, New York. 

In a circle with the center O let CD be the diameter perpendicular at M 
to the chord AB. Through M two chords EF and ST are drawn arbitrarily; and 
let the lines ET and SF cut AB in Q and P, respectively. Prove that QM is 
equal to MP. 


3603. Proposed by J. B. Reynolds, Lehigh University. 


For what limits of density will a homogeneous cube float in stable equilib- 
rium with a diagonal vertical ? 


3604. Proposed by W. H. Rasche, Virginia Polytechnic Institute. 

Two cones of revolution with apex angles a; and ae are to intersect in an 
ellipse with the given length a as the long diameter; the angle between the axes 
of the two cones is ¢. Find the short diameter b of the ellipse and the angles 7; 
and y2 which the axes of the cones make with the plane of the ellipse. 


3605. Proposed by H. S. Thurston, University of Alabama. 
Prove that every square matrix whose elements are given by the relation, 


is a square root of the unit matrix J. 


3606. Proposed by A. Blake, Washington, D. C. 


Find a rational construction for the Hermitian matrices whose existence is 
provided for in this theorem. Given any field y containing a conjugate function, 
such that for every two numbers, a and b, of y we have a =a, ab=ba, and a+b 
=a+b. Given any square matrix x ona finite range with elements in y, such that 
the coefficients in the invariant factors of « are all scalars (i.e., numbers equal 
to their conjugates). Then there exists a pair of Hermitian matrices 0, and 42 
with elements in y, such that 42 is non-singular and x = 44s. 

Specialize the construction required above in such a way as to obtain useful 
canonical factors. 
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SOLUTIONS 
3528. [1932, 115]. Proposed by A. A. Bennett, Brown University. 


If a, b, c, be complex numbers such that 
then |(ab+be+ca)/(a+b+c) | =r. Generalize. 
Solution by H. L. Schug, North Canton, Ohio. 


The theorem may be generalized as follows: 


If ai, - , be m complex numbers such that lai | = | =. la, 
=r ~0,and ,7,, s <n, is the sum of the products of these numbers taken s at a 
time; then 


nl’, 
n 


(1) 


= 


To prove this, let 
a, = ade = rete, dy = reion, 


Then r* can be factored from ,7,;, and r"~* from ,,7,_,. In the numerator there 
is left e*¥ de®, and in the denominator de®, where y is the sum of all the 
angles, and ® is the sum of m—s of the angles. Since }\e- and +e are con- 
jugates, their absolute values are the same; and the absolute value of e*¥ is 
unity. Hence the equality in (1) results. If is an odd integer and s = (n+1)/2, 
the right side of (1) is 7 as in the given problem. 

Also solved by R. P. Agnew, M. G. Boyce, W. B. Campbell, A. G. Clark, 
J. H. Edmonston, L. R. Ford, H. D. Grossman, Emma T. Lehmer, R. E. Mor- 
itz, O. J. Ramler, F. Underwood, and Paul Wernicke. 


3536. [1932, 175]. Proposed by Martin Rosenman, Brooklyn, New York. 

Consider fractions of the form 1/2, 1/3, 1/4, 1/5, - - - . We seek to deter- 
mine which of these fractions (repetitions allowed) give a sum as near unity 
as possible but actually less than it. Thus for »=3, we have 1/2+1/3+1/7. 
= 41/42. Prove or disprove that, in general, the first of the fractions in the 
series 1/2+1/3+1/7+1/43+1/1807 - - - give the desired result; in which 
series each denominator exceeds by 1 the product of all preceding. 

Partial Solution by F. Underwood, University College, Nottingham, England. 

Denote the series formed by the denominators 2, 3, 7, 43, 1807, - - - by 
V1, V2, Vs, V4, U5, Lhen vn - +1. We note that 


1/2 + 1/3 = 1 — 1/6 = 1 — — 1). 
1/2 + 1/3 + 1/7 =1— 1/42 = 1 —1/(y% — 1). 
1/2 + 1/3 + 1/7 + 1/43 = 1 — 1/1806 = 1 — 1/(v5 — 1). 


ta 
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Assume that, for a particular value of m, 
Sn = 1/01 + 1/02 + + 1/0, = 1 — 1/ — 1). 
Then, for this value of 1, 
= Sn = 1 — — 
1 — 1/(0n42 — 1). 


Now S,+1/w, where w>v,4:, is obviously less than S,,; and S,+1/u, where 
uSvn41—1, is either equal to or greater than unity. 

Hence if S, is the nearest approximation to unity by adding z fractions of 
the given form, so also is S,4; the best approximation that can be made by add- 
ing another fraction to S,. But the theorem for this mode of formation is ob- 
viously true when ” =2 or 3, and so is true universally if the restriction is made 
that +1 fractions must always include the preceding m fractions. It remains 
to be proved that if this restriction is removed, the mode of formation of S, used 
above is still the best possible. 


Also solved by Mannis Charosh. 


Note by the Editors. The proof of the final part seems difficult and may in- 
terest other readers; the editors are now examining a proof by the present solver. 


3544. [1932, 239]. Proposed by Nathan Altshiller-Court, University of Okla- 
homa. 


The orthogonal sphere of four variable spheres, with fixed centers, whose 
radii remain proportional, describes a coaxial pencil. 


Solution by W. V. Parker, Mississippi Woman's College, Hattiesburg, Miss. 
The equations of the four variable spheres may be written 
(x — ai)? + (y — 6)? + — = = 1, 2, 3, 4), 
where \ is a parameter. The sphere 
(x a)? + + =P 
will be orthogonal to these if and only if 
2aa; + + = a? +b2Z +o? —NrF (i = 1, 2, 3,4). 


Subtracting each of the last three of these equations from the first we get three 
equations which are linear in a, b and c and whose solution is of the form 


a = + b = yi + A* yo, = 21 + 


where x1, yi, 21, X2, Ye, 22 are constants determined by aj, bj, ci, r;. Hence as 
varies, the center of the orthogonal sphere moves along the line through the 
point (%1, 1, 21) with direction components (xs, ye, 22). 
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A Note by Otto Dunkel. The three equations for a, b, c admit a unique solution 
since the determinant formed from the coefficients of a, b, c is not zero. This de- 
terminant is not zero, for the wording of the problem implies that there is a 
unique, actual, sphere orthogonal to the four spheres, and in this case the centers 
of the latter spheres do not lie in a plane. The equation of the orthogonal sphere 
may be written 
x? + y? + 2? — 2a(x — ai) — 2b(y — di) 

2c(z C1) + re (a? + b? of = 0, 
where a, b, c are given by the above linear expressions in \*. This shows that the 
orthogonal spheres belong to a coaxial pencil. 


Also solved by J. W. Blincoe. 


3545. [1932, 239]. Proposed by George Y. Sosnow, Newark, N. J. 
The equation 


a, ae a3 
+ 
x+bh x + be x + bs 


will be an identical equation if 


D(a) = 0, =0, Di(aid?) = 0,---, = 0. 


i=] i=] i=1 


Solution by Margaret M. Young, Brooklyn College of the City of New York. 


Combining the fractions on the left hand side of the given equation we get 
in the numerator a sum of terms of degree m —1 of the type 


a(x + bi)(x + (x + bi-1)(x + bi+1) (x + b,). 
Expanding this product we obtain a sum of terms of the type 


where no subscript 7 occurs in the sum. Denote by B; the elementary symmetric 
function of the same kind as )> but which contains b;. Then 


= Be — Bua + Bre — +++ + (— 
Hence the coefficient of x"~!~‘ in the numerator is 
Bi — Ber Doaidi + Bie Drab? — + (— 


Since each sum which appears as a factor of a B is zero by the conditions of the 
problem, the numerator vanishes identically; and this concludes the proof. 


Also solved by J. L. Botsford, J. M. Feld, L.S. Johnston, and W. V. Parker. 


A Note by Otto Dunkel. The vanishing of the m sums given in the problem is 
both a necessary and a sufficient condition for the identical vanishing of the 


Qn 
+ w 9, 
x + dy 
n n n n 
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sum of fractions. But this condition deserves further examination. Since the 
a;’s satisfy n homogeneous linear equations, either they are all zero or the deter- 
minant of these equations is zero. In the latter case at least two 0;’s are equal, 
since the. determinant is simply the product of all the differences of the 0;’s. In- 
stead of continuing the discussion in this manner, let us consider the identical 
vanishing of the given sum in a more direct manner. Suppose that }; occurs m, 
times, occurs me times, - - - , occurs m; times, where be, - - , are dis- 
tinct in value, and where m,+m2+ -- - +m,=n. We may then replace the 
given sum by 
A, Ag A; 
+ 
x+ be a+b, 


where A; is the sum of m, of the a’s, Az is the sum of mz, etc., and where 


i=1 


If the sum is identically zero for all values of x, its limit must be zero as x ap- 
proaches —},; and since the other fractions are finite for this value, we must 
have A,;=0. Pursuing this reasoning, we find a necessary condition 


A, 4A, = Q, 


But this is also sufficient. Since we have two necessary and sufficient conditions, 
one implies the other. If the b’s have distinct values, and one would be inclined 
to assume that that is the meaning of the problem, we see again that each a; is 
zero. We have in the statement of this problem an example of a necessary and 
sufficient condition which is not sufficiently reduced in its expression. 


3546 [1932, 239]. Proposed by W. H. Rasche, Virginia Polytechnic Inst. 

Given that r is the radius of a circle, S its plane, O its center, P any point in 
the plane of the circle, distant d(<r) from the center; / is the line through P 
perpendicular to line OP which makes with plane S the angle a=cos~! (d/r); 
show that if the circle be rotated about / as an axis it will generate a torus whose 
meridian section is two equal non-intersecting circles of radius d, whose centers 
are equi-distant from axis /. 

Note: A solution suitable for college freshmen not familiar with solid ana- 
lytical geometry is desired. 


Solution by Rufus Crane, Ohio Wesleyan University. 

Let A be any point on the generating circle ; B its projection on PO; D its 
projection on the plane through PO perpendicular to /, that is, the equatorial 
plane; @ the angle AOB. 

By considering right angled triangles, we have 

(PA)? = (PB)? + (BA)? = (d + r cos 6)? + (r sin 6)? 
“.(PA)? = d? + r? + 2dr cos 0 
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(PD)? = (PB)? + (BD)? = (d + r cos 6)? + (7 sin @ sin a)? 
“PD=dcos@+r 


AD =rsin@cosa = dsiné@. 


From the expression for (PA)? or from the expressions for PD and AD, it is 
obvious that the point A, in any of its positions, is at a distance d measured in 
the meridian plane PDA from a point on PD at distance r from P. 


Also solved by F. L. Wilmer and the proposer. 


3547. [1932, 239]. Proposed by Martin Rosenman, Brooklyn, New York. 


Consider 1 points in a plane. Join these in any order to form a closed poly- 
gon. Repeat the operation on the m midpoints of the sides of the polygon thus 
formed, etc. Prove that the successive polygons converge to a point. 


Solution by R. E. Huston, University of Chicago. 


From the statement of the problem, it is not clear whether or not the order 
in which the vertices are to be joined is to be maintained for successive polygons. 
We shall prove the theorem allowing this order to change arbitrarily at any 
stage. 


Let P;, P2, - - - , Pn (n>2) be the given points. Take a system of coordinates 
with the origin at their center of gravity and let 2, =x,+iy, (R=1, 2,---, mn) 
be the corresponding complex numbers. Then 
(1) Zitzet::-+2, = 0. 

If p= Max |, then 

(2) Sp (k = 1,2,---,m). 
Let z denote the original polygon and !, 7?, - - - , r"~! the first m—1 successive 
polygons derived as indicated in the problem, and let z;, 2;!, - - - , 2;"-! (=1, 2, 


- , m) denote the complex numbers corresponding to their vertices. For any 
vertex of we have (j1¥je). For a similar reason 
+2, where at least three of the numbers 


Js, ja are different. Similarly 2*-!=2-* (2;"-4+2;"-4+ +2,;"-*) where 
at least four of the numbers ji, - - - , 7s are different. Finally we get 


where the a; are positive integers of total sum >\a,=2"—. From (1), (2), and (3) 
we get 


(a, — 1)ap + (an — 


Hence z*~! is completely contained in the circle of radius Kp = 2-"+! (2"-!—n)p, 


tis 
l in 
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(0<K <1), around the origin. Repeating the same process m times we see that 
a™"-)) is contained within the circle 


(5) |z| K", 


which tends to the origin for m—>. Our theorem follows immediately, since 
x? (pb >m(n—1)) lies in the same circle (5) which is arbitrarily small if m is suffi- 
ciently large. 

Exactly the same proof applies for the case of an r-dimensional space: 
le. | = OP, means the distance from the origin O to the point P; and (1) and (3) 
represent in condensed form the same 7 relations for the corresponding coérdi- 
nates. The further arguments need no change. 


Also solved by E. Alliot, W. T. Reid, I. J. Schoenberg, and the proposer. 


3548 (1932, 239). Proposed by J. B. Reynolds, Lehigh University. 

A coal chute delivers coal at a point at distances a and b from two vertical 
walls at right angles to each other. Find the volume of a conical pile of coal 
under the chute if its radius is 7, r>(a?+5?)!/?, and the angle of repose of coal is 
A, 

Solution by V. F. Murray, Hoboken, N. J. 


F 


In the figure, in the plane of the base, GE, GF represent the vertical walls, 
GC=(a?+5?)1/2, C is the centre of the base, radius 7. If the vertex of the cone 
be at H, then CH =r tan A. 

In the figure the angles a=cos~! a/r, B=tan— b/a, y=cos™ b/r, 6=tan7! 
a/b. 

The volume required is the sum of five parts; FLEC—H, BEC—H, BGC 
—H, GDC—H, FDC—H. 

The volume FLEC—H is part of the right cone, base radius r and height 
r tan A, and, by proportion, 
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1 1 
=— tan A, 


2r\ 2 
(1) A 
6 \2 


To obtain the volume BEC—H: Since the plane of GBE is parallel to the 
axis of the cone, the section GBE of the cone gives part of a hyperbolic segment, 
the transverse axis of the hyperbola passing through B. For integration of the 
volume, consider an elementary wedge at CK, the angle BCK, 9, being in the 
plane of the base. The edge of the wedge, CH, equals r tan A, the height CK is 
a sec 6, and the height at K from the base of the cone to the hyperbola, Kk, 
depends on the angle @. It can be easily shown that, for the given cone and the 
distance a, Kk=tan A(r—a sec 6). The volume of the wedge element thus is 


ga°(r tan A + 2 tan A {r — asec 6})-sec? 
and the volume BEC—H equals 


3a*r tan A f sec? — tan A sec’ 
0 0 


(2) = 4a%tan A[tan6]o — 3a tan A [sec tan + log (sec + tan 6) 


= tan A-tana — tan A {sec a: tana + log (seca + tan a)}. 


So also the volume GBC —H is given by an expression (3) of the type (2), a 
being replaced by 8. 

Similarly, the volume DFC—H is given by an expression (4) of the type (2), 
a being replaced by 3, and a being replaced by y. 

Also the volume GDC—H is given by an expression (5) of the type (4), 7 
being replaced by 6. 

The total volume required is obtained by adding (1), (2), (3), (4), and (5). 

It is interesting to note the change in the result as the point G moves out- 
ward from C, r being constant. 

When G falls on the circumference MFLE, a=8 and y= 6. 

When G crosses the circumference, a =6 and y = 6, and a new angle e appears 
between 6 and 6. This angle will be added to the angle in expression (1). 

When G takes a position so that GE and GF are tangents to FLE, a=B=y 
= 6=0, ande=}7, the volume becoming a cone. 

The original problem may be further extended by adding two walls parallel 
to GE and GF respectively, forming a rectangular base. The volume when r 
varies can be found from appropriate expressions of the types (1) and (2). 
When the rectangular base becomes just covered, and the angles a, B, ¥, etc. 
are unequal, eight expressions of the type (2) give the volume, the value of 7 
being the maximum distance from C to a corner of the rectangle. 


Also solved by W. B. Campbell. 
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NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor J. H. Weaver, Ohio State University, Columbus, Ohio. 


C. B. LePage, assistant secretary of the American Society of Mechanical 
Engineers, has distributed to the Sectional Committee on Scientific and Engi- 
neering Symbols and Abbreviations and to the affiliated committees copies of an 
important report entitled “American Tentative Standard Abbreviations for 
Scientific and Engineering Terms,” with the request that all interested help in 
placing the standard into practice and in educating companies, both users and 
manufacturers, to the advantages to be secured from the use of this standard. It 
was approved by the American Standards Association in November 1932. 

The abbreviations included in the report are those which are preferred for 
use in typewritten or printed text. The general omission of periods after ab- 
breviations has been recommended not only as a measure of economy but also to 
avoid the confusion which has been found to result from attempts to employ 
abbreviations for the names of metric units without periods and abbreviations 
of the names of English units with periods in the same publication. The Com- 
mittee endorses the omission of the period in abbreviations of metric units and 
the growing tendency toward the omission in abbreviations of other origin. 

Copies of this standard may be secured from the American Standards Asso- 
ciation and the A.S.M.E., 29 West 39th St., New York, N. Y. 


The Institute of International Education has just issued the fourth edition 
of a publication listing fellowships and scholarships that are available to Ameri- 
can students for foreign study under various auspices. Copies may be obtained 
from the Institute, 2 West 45th Street, New York City. 


Markus Renier, visiting research professor of Lafayette College, an engineer, 
Department of Public Works, British government in Palestine, is giving a series 
of lectures on mathematical Rheology at the John C. Green School of Engineer- 
ing, Princeton University. 


Professor Vannevar Bush, at the meeting of the National Academy of 
Sciences held at Ann Arbor, November 14-16, reported on the applications of 
the differential analyzer, a machine for solving ordinary differential equations, 
to the solution of important problems. During the past year, about thirty 
problems have been treated, involving nearly one thousand solutions of equa- 
tions. The Thomas-Fermi equation and the same equation after introducing 
the relativity correction illustrate the solution of non-linear equations. The 
Schrédinger wave equation, by means of the machine, has been successfully 
treated for several nuclear numbers in the case of the helium-like atoms. The 
solution of this problem involved a fourth order non-linear equation with boun- 
dary conditions at zero and infinity, together with a normalization condition. 
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At their meeting at Atlantic City, December 27, 1932, the Trustees of the 
Mathematical Association of America awarded the Chauvenet Prize of $100 to 
Professor G. H. Hardy of the University of Cambridge, England, for his paper ™ 
entitled “An introduction to the theory of numbers” which appeared in the 
Bulletin of the American Mathematical Society, Vol. 35 (1929), pages 778-818, 
This prize is awarded every three years for the best expository paper on a mathe- 
matical subject published in English by a member of the Mathematical Associa- 7 
tion. This award covered the triennium 1929-31. 


Professor I. A. Barnett, of the University of Cincinnati, lectured on “Infini 
tesimal transformations in certain types of function spaces” before the Mathe- 
matical and Physical Society of Budapest on November 24, 1932, at the invita- 7 
tion of that Society. He also delivered a series of lectures before the Mathe- 7 
matical Institute of the University of Cracow in November. 


Professor Edward Kasner, of Columbia University, will deliver a series of 7 
public lectures in January and February, 1933, at the People’s Institute, ~ 
Cooper Union. He will also speak on “Squaring the circle” over the radio on ~ 
March 3 (Columbia network, WABC). 


At the Atlantic City meeting of the Association, announcement was made 
that Dr. D. H. Lehmer, has invented a machine for the solution of congruences, ~ 
The machine is designed to solve Diophantine equations, and sorts out so- 
lutions at the rate of about 5,000 per second. 


Professor O. K. Defoe, of the College of the Ozarks, has been appointed 
professor of mathematics and physics at the St. Louis College of Pharmacy. 


Professor E. H. McAlister, of the University of Oregon, has been transferred 
to a professorship of mathematics at the Oregon State College. 


Dr. J. von Neumann has been appointed professor of mathematical physics 
at Princeton. 


Dr. Ruth W. Stokes has been appointed associate professor of mathematics 
at the North Texas State Teachers College, Denton. 


A CORRECTION 


In the News and Notices department of the February issue, page 124, it 
was stated that Professor Alfred Hume, of the University of Tennessee, has 
been reinstated as chancellor of the University of Mississippi. Chancellor Hume ~ 
writes us that this notice is in error with regard to his connection with the 
University of Tennessee as he has never been a member of the faculty of that ~ 
University. 
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THE DECEMBER MEETING OF THE MARYLAND- 
DISTRICT OF COLUMBIA-VIRGINIA SECTION 


The December meeting of the Maryland-District of Columbia-Virginia Sec- 
tion of the Mathematical Association of America was held at the Johns Hopkins 
University on Saturday, December 3, 1932. 

Sixty-six persons attended the meeting including the following forty mem- 

bers of the Association: O. S. Adams, Beatrice Aitchison, Clara L. Bacon, G. A. 
Bingley, Archie Blake, C. C. Bramble, Paul Capron, C. N. Claire, Abraham 
Cohen, Orpha A. Culmer, Tobias Dantzig, L. S. Dederick, Alexander Dilling- 
ham, J. A. Duerksen, J. H. Edmonston, Michael Goldberg, Harry Gwinner, 
C. H. Harry, F. E. Johnston, L. M. Kells, W. D. Lambert, Florence P. Lewis, 
B. Z. Linfieid, J. J. Luck, Florence M. Mears, W. K. Morrill, F. D. Murnaghan, 
C. H. Rawlins, W. F. Reynolds, R. E. Root, J. H. Taylor, Mildred E. Taylor, 
Marian M. Torrey, F. M. Weida, John Williamson, C. H. Wheeler, G. T. Why- 
burn, E. W. Woolard, R. C. Yates, Oscar Zariski. 

The annual Spring meeting will be held at the University of Virginia on 
Saturday, May 13, 1933. 

Professor Oscar Zariski of the Johns Hopkins University was the invited 
speaker and he addressed the afternoon session on “Recent contributions to the 
problem of existence of curves with preassigned singularities.” 


The following papers were presented: 
At the morning session: 

1. “On mappings with functions of finite sections” by Beatrice Aitchison, 
Johns Hopkins University. 

2. “Various formulas for the numerical integration of differential equations” 
by Dr. L. S. Dederick, Aberdeen Proving Ground. 

3. “Perspective solid angles” by Professor B. Z. Linfield, University of Vir- 
ginia. 

4. “An irreducible system, complete through the fifth degree, of Euclidean 
invariants of the ternary cubic” by T. L. Wade (Introduced by Professor Lin- 
field), University of Virginia. 

5. “A geometry of acyclic spaces” by Dr. C. H. Harry (Introduced by Dr. 
G. T. Whyburn), Johns Hopkins University. 

At the afternoon session: 

6. “Recent contributions to the problem of existence of curves with pre- 
assigned singularities” by Professor Oscar Zariski, Johns Hopkins University. 

Abstracts of some of the papers follow, the numbers corresponding to the 
numbers in the list of titles: 

1. Some necessary conditions for sets Mf to be transformed by a real con- 
tinuous function f(x) into a simple arc so that f(x) =c has only a finite number of 
solutions, or for M to have “property P” have been reported by Cech. Mazurkie- 
wicz has given a necessary and sufficient condition that an acyclic curve have 
this property. This condition suggested an extension to much more general 
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